MA2071
Solutions to Practice midterm

1) (i) We have a(z — z¢) + b(y —yo) + c(z — z0) =0 or ax + by +cz+d =0
where d = —(az + byo + c20).

—_—
(ii) Let Py = (o, Y0, 20) € P and consider the vector b = PyP; = (x1 — xo,y1 — Yo, 21 — 20)-
Note that D equals the absolute value of the scalar projection of b onto the normal vector
n = (a,b,c). Thus,

In-b|  [(ax1 + byy + cz1) — (azo + byo + czo)|

n| Va2 + % + 2 ‘

As Py € P, we have axg + byg + czg + d = 0 and the result follows.

D = |comp,b| =

2) (i) Let (x,y) approach (0,0) through the line L given by y = mz where m # 0. Check that

f(z,y) = f(z,mz) = %‘
approaches 0. Now, let (x,%) approach (0,0) along the parabola P given by x = y2. Check
that f(z,y) = f(y%,y) = % So, as (z,y) approaches (0,0) through P, f(z,y) approaches %
Thus, the limit does not exist.

So, as (z,y) approaches (0,0) through L, then f(z,y)

) Oz F, yz +sin(z +y + z)
Let F(x,y,2) = - =080, 50 =—F =~ i
(11) e (:L’ Yy Z) TYz COS(J: + Yy + Z) 0 ax FZ Ty + Sll’l(l‘ + Yy + Z)
9z F, xz +sin(x +y + 2)

and — =—— = .
oy F, xy +sin(z +y + 2)

3) (i) See the notes.

3343/ + 49523/3 — y5

(11) For (x7y) 7é (07 0)7 check that fl’('r7y) = (1,2 + y2)2
x® — 43¢ — xy? . .
and fy(z,y) = CESTIEE Using the definition, check that f;(0,0) = 0 and
fy(0,0) = 0. Also, use the definition to check that f.,(0,0) = —1 and f,,(0,0) = 1. Note
that f.y(z,y) is not continuous at (0,0). To see this, check that

2 9aty? — APyt 4 4yS
oy = (22 + 2)3
fay(x,y) approaches 1 while as (z,y) approaches (0,0) along the y-axis, then fg,(z,y)
approaches 4. Thus, Clairaut’s Theorem does not apply.

. Now, as (z,y) approaches (0,0) along the z-axis, then

(iii) Let u = x 4+ at and v = x — at. Then z = f(u) + g(v). So, gz = f'(u) and — = ¢'(v).
u

0z 0z Ou 0z Ov ;
Thus,a—%-ajL%-a—af(u)—ag(v)and



82 a / 8 ! 8
ait;é’ _ aa(f/(u) - g/(U)) —a (dfdiu) 877; . dgdq()’l)) a;”;’) = a2f//(u) + aQQ/I(U>-
2

d 0
Similarly, 8—; = f'(u) + ¢'(v) and 87:; = f"(u) + ¢"(v). So, the result follows.
4) (i) The direction of fastest change is V f(z,y) = (2o — 2)i+ (2y — 4)j. So, we need to find
all points (x,y) where V f(x,y) is parallel to i + j. This occurs if and only if
(2 —2)i+ (2y —4)j = k(i+j) for some k € R. Thus, k =2z — 2 and k = 2y — 4 and so
y =z + 1. So, the direction of fastest change is i + j at all points on the line y = x + 1.

(ii) Let x, y and z be dimensions of the rectangular box. Then V = zyz and
L= /a2 4+y2+ 22 So, L? =22 +3?> + 2? and so z = /L2 — 22 — 2. This gives
V(z,y) = zy\/L? — 22 — y? for z, y > 0. Check that

2
V=1 L2—x2—y2—L2f$yz_y2 and Vy = z\/L? — 2% — y% — ﬁnyxz—y?
Now, V, = 0 implies y(L? — 22 — y?) = 2%y or y(L? — 222 — 3?) = 0 and so 22% +y? = L?
since y > 0. Similarly, V;, = 0 implies z(L? — 2? — y?) = ay® or x(L? — 2? — 2y*) =0
and so x2 + 2y? + L? since = > 0. Substitute y?> = L? — 222 into 22 + 2y? = L?

2

to get 2 + 202 — 42® = L? or 322 = L2, Thus, z = % since x > 0. This implies y = %
So, the only critical point is (%, %) which must be the absolute maximum. Thus, the
largest possible volume is V' <L L> = L—S
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