ON RECURSIONS FOR COEFFICIENTS OF MOCK THETA FUNCTIONS

SONG HENG CHAN, RENRONG MAO, AND ROBERT OSBURN

ABSTRACT. We use a generalized Lambert series identity due to the first author to present g-
series proofs of recent results of Imamoglu, Raum and Richter concerning recursive formulas for
the coefficients of two 3rd order mock theta functions. Additionally, we discuss an application
of this identity to other mock theta functions.

1. INTRODUCTION

In [8], the first author proved the following generalized Lambert series identity:

0, adoo(@Z  [a1/br .t/ O (1) gk D2 ( ' b>k
[bla---abs]oo [bg/bl,...,bs/bl]oo e o0 ]_—blqlC bQ --bs
+ idem(by; ba, .. ., bs), (1.1)

valid for nonnegative integers r < s. Here and throughout, we use the following standard
g-hypergeometric notation

n
(@)n = (a;q@)n == [ J(1 —ag"™")
k=0
(a1, yam)n = (a1, ..., am; @Qn = (@1)n - (@m)n
[a1,...,amln == a1, ... am;qln = (a1,q9/a1,...,am,q/am)n
valid for n € NU {co} and F(ay,a2,...,an) + idem(a;;ag, ..., a,) to denote the sum

n
5 F(ai,a2,...,ai-1,01,0i41, ..., 0m)
1=1

where the ith term of the sum is obtained from the first by interchanging a; and a;.

Identity (1.1) is of interest for several reasons. For example, it generalizes a key identity
used by Atkin and Swinnerton-Dyer [1] in their proof of Dyson’s conjectures on the rank of a
partition. Also, (1.1) played a crucial role in the construction of quasimock theta functions [7]
and rank-crank PDE’s [10], in proving congruences for the mock theta function ¢(q) [9], Appell-
Lerch sums [11], spt-type functions [17] and partition pairs [18] and in obtaining identities for
generating functions of other types of partition pairs [12] and various rank differences [19]-[22].
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Recently, Imamoglu, Raum and Richter [16] proved some intriguing results concerning recur-
sive formulas for the coefficients of the 3rd order mock theta functions

f(@) =Z(fq)2 3 el fin)g"
n=0 n n=0
and
0 2n(n+1) o0

w(g) == Z ==Y clwin)g".

Namely, if o(n) := 32y g, d, sgn*(n) := sgn(n) for n # 0 and sgn™(0) := 1 and
AN, N, 1,7) := st (V) sgnt (N)(IN + 1] — [N + 7)),
then we have the following (see Theorems 1 and 9 in [16], slightly rewritten).

Theorem 1.1. For a fired n € Z© and for any a,b € Z, set N = %(73a +b—1) and
N := 1(3a+b—1). Then

1 3 9 1 4 16 n -~ 11
MEZL a,beZ
3m2+m<2n ab=2n
6|3a+b—1
(1.2)

For a fitedn € Z" and for any a,b € Z, set N := %(3(1 —b—2) and %(3a+b 4). Then

N :=
S (bl deon) o § a(esdl) o

meZ
3m2+2m<n ab= 4n+1
12|3a—b—

Theorem 1.2. For a fizred n € Z™ and for any a,b € Z, set N : %( a—b—4) and N :=
L(3a+b—2). Then

1 ~ 11
Z m+ — | c(wyn—3m* —m) = (-1)"*! Z d{N,N, -, - (1.4)
6 3°6
meZ a,beZ
3m?+2m<n ab=4n+3
12|3a—b—4

For a fized n € ZT and for any a,b € Z, set N := ¢(a — 3b—2) and N := Ha+3b—2), and let

o

o(n), if n is odd.
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Then
1\ (w(g) +w(- v L1
> (mg)c(wmngle):Rn > d(N,N,3,3),
mel a,beEZ
3m24+2m+1<n ab=n
12|a—3b—8
(1.5)
and

3 <m+;>c(W;n—3m2—2m—l>:—Rn+ 3 d<N,J\7,;,;>.

meZ a,beZ
3m2+2m+1§n ab=n
12|a—3b—2
(1.6)

The identities (1.2)—(1.6) were proven in [16] by applying holomorphic projection to the tensor
product of a vector-valued harmonic weak Maass form of weight 1/2 and vector-valued modular
form of weight 3/2 (see also [13], [23]). In Remark 1, ii) of [16], it was stated that these identities
“can sometimes also be furnished by Appell sums because these are typically expressible in terms
of divisors. However, it is not clear whether Theorem 1 and 9 could be obtained using this idea”.

Motivated by this remark, the main purpose of this paper is explain how (1.1) can be used
to give a ¢-series proof of these identities. The idea is to compare the coefficients of ¢"
identities which express a modular form times either f(q) or w(q) (Appell-Lerch sums) in terms
of Lambert series (divisor sums). Specifically, (1.2) and (1.3) will basically follow from (2.8) and
(3.11), (1.4) from (3.17), (1.5) and (1.6) from (3.24) and (2.9), respectively.

The paper is organized as follows. In Section 2, we discuss some preliminary g-series identities.
In Section 3, we prove Theorems 1.1 and 1.2. In Section 4, we discuss another application of
(1.1) to other mock theta functions.

2. PRELIMINARIES

To prove (1.2), (1.5) and (1.6), we need the following two results.

Lemma 2.1. We have

(9% i (=1)"gP V(@ e Lo i g t1)/2
(9% =~ 1—agq" [—2]oo[2? q2]oo (Lt agn)?
0 671 (3n+1)/2
+ Z - H:q , (2.1)

(%)% = (1" g (%) (D) | i
ACRLEY ASLZAL E— +
5 S

q = FE R
(—6:6*)% ,—~_  1—xz¢> z [z, —2q, —2¢; q2]oo = (L +agnm1)?

+ i (8n = Vg™ (2.2)

1 +xq2" !
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Proof. Beginning with the case r = 0, s = 3 in (1.1), setting (b1, b2, b3) = (z, —xq/a, —ax) and
multiplying by a[—a, 1/a?]s, we find

(q)go[_a’ 1/a2] 1/CL n n(3n+1)/2 0 qn(3n+1)/2a—3n—l

Z +
[z, —zq/a,—ax]ee [—1/a]co 1 — zq" 1+ zq*/a

n=—

o n(3n+1)/2 3n
oy R 23)
14 axq™

n=—oo

Differentiating (2.3) with respect to a and letting a — 1, we find that

4 (@D5(-0%  _ (9% i (—1)ngnGrnz SN B[ 4 3n(1 + 2¢™)]
[z, —2q, — 7)o (—q)% = 1—zq" L (14 xqn)?

n(B3n+1)/211 4 (3p — 1)(1 + z¢™
_ Z q [(;_—i(_an)2)( + q )] (24)

n=—0oo

Rearranging and simplifying, we find that (2.4) is equivalent to (2.1).
Again, for the case r = 0, s = 3 in (1.1), setting (b1, b2, b3) = (z, —z/a, —ax), and multiplying
by [~a,1/a?]~, we find

(q)go[_a’ 1/a2]oo B 1/CL n 3n(n+1)/2 o0 an(n+1)/2a—3n—2

[z, —z/a, —ar]see  [~1/a)oo :Z: l—xq B 1+2xq"/a

n=—oo

0 3n(n+1)/2,3n+1

q
. 2.
+ Z 1+ azxg™ (2:5)

n=—oo

Replacing ¢ by ¢? and setting a = 1/bq in (2.5), we find that

(2% ¢*)3[=1/(ba), % ¢*)oo Z I N b
[z, —abq, —/(bg); 4*]so bq7 1 —xg? = 14 abg? !
s 3n271 —3n—1
q b
- PR ey (2.6)

Differentiating (2.6) with respect to b and letting b — 1, we arrive at

(@)ool oo _ o (0%50°)5 )"t SN @ L+ (3n - 2)(1+ ag )]
[z, —2q, —2/q; ¢*c [~ 4% o 1 — xq®" = (14 zg2n—1)2
o~ 1+ 31+ ag )
(1+ zq2n—1)2 : (2.7)
n=-—00

Rearranging and simplifying, we find that (2.7) is equivalent to (2.2).



ON RECURSIONS FOR COEFFICIENTS OF MOCK THETA FUNCTIONS 5

Corollary 2.2. We have

(q)iéo i~ q" 0 an > qn(3n+1)/2
fl=—4Y ——5—-16)Y ———=+1+4 —
Co Ol e O e I 2 Ty
n#0
o0 6n — 1 n(3n+1)/2
+2 Y (6n 1)_q _ , (2.8)
n=-—00 q
n#0
(6% ¢%)3, > gt 0 g q3n2
q w(—q) = - +
S AU S ey ) DY s Al D e
n#0
= (3n—1)¢*
+ ) — . (2.9)
n=-—00 1 q
n#0

Proof. For (2.8), multiply both sides of (2.1) by (14 z)(1+1/x), differentiate twice with respect
to x, set x = —1 and use

0 (_1)nqn(3n+1)/2

2
@)= > T (2.10)

n=—oo

Here, we have set = 1 in the identity (see (12.2.5) in [3])

i q2n2+2n _ 1 Z (_l)nq3n2+3n
= (2 ) n41(0/7 Pt (%P0 21— gt

For (2.9), multiply both sides of (2.2) by (14 ¢/z)(1 + z/q), differentiate twice with respect
to x, set © = —q and use

n . 3n%2+3n

1 = (~1
o) = 3y (1)_32n+1 (2.11)

0% q*) oo A

The latter follows from taking x = —1 in the identity (see (12.2.3) in [3])

i~ 2 > (_1)nqn(3n+1)/2

q" (1 - =)
Z ; Z 1—xzqg"

o (aq; n(a/zi )0 (@

To prove (1.3), (1.5) and (1.6), we also need the following.

Theorem 2.3. For integers | and j, we have

[_ql—&-j7 qZZ; qu]oo(qGZ; qu)io {j o et ( q61m+l B q61m+5l qum+l+j
[_qj’ ql’ _q21+j; qﬁl]oo 1— q6lm+l 1— q6lm+5l 1+ q6lm+l+j

m=0

6lm+51—j 6lm+31—j

q q (m+3i+
— - — 2 i A
1+ q6lm+5l—] 1+ q6lm+3l—] 1+ q6lm+31+]
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) (Gn +9 +j)(_1)nq3ln(n+1)+ln+l
- Z 1 + ¢Oln+i+2l

n=—oo

oo 6n—|—j)( l)n 3ln(n+1)—In
+ Z 1+ q6ln+j

n=—0oo

4(q . q l)<2><> o0 (_l)nqSIn(n+1)+21n+2l

— - 2.12
(q'; 202, L 1+ gOln+i+al (2.12)
Proof. First, we need to prove the following:
[, g2 oo (g% D)2, & gomH ol ol St G+l
[—q7, qL, — 27 ¢ o <1 —BlmH T gBImAsl T gBlmA ] q61m+5lj>
’ m=0
_{, i q6lm+l B q6lm+5l y i (_1)nq3ln(n+1)+ln+l
— 1— q6lm+l 1— q61m+5l = 1+ q6ln+j+2l
0 (Tl 4 1 1)n 3in(n+1)+In+l 0 n(_l)nq3ln(n+1)—ln
+ Z 1+ q6ln+]+2l + 14+ q6ln+j
n=—00 n=—00
(2.13)
and
[_ql+j q2l;q6l]oo(q6l;q6l)2 oo q61m+31—j q6lm+3l+j
9 o
[—q7. ¢, — g% ¢ o —~ (1 TSl T 1 ¢ q61m+3l+j>
61m+l q61m+5l y i (_1)nq31n(n+1)+ln+l
61m+l 1— q61m+5l = 1+ q6ln+j+2l
1)nq3ln(n+1)+ln+l > n(_l)nq31n(n+1)—ln
- Z 1+ q61n+j+2l - 1 + gbin+i
n=—oo n=—oo
[q—2l g2 qﬁl] n 3ln(n+1)+2ln+3l
B [q3z q, q—z Z 1 + Bln+i+31 : (2.14)

n=—oo

As the proofs of (2.13) and (2.14) are similar, we only give details for (2.14). Replacing
q,a1,az,b1,by and bz by ¢%, —¢ T3 —¢i ! —bgI T3l —¢7 2 and —¢7, respectively, in (1.1) with
r =2,s = 3 and after rearranging, we obtain

[_q3l+j’_qj+lvq217quZ;q6l]Oo(q6l;q6l)2 b[1/b, g2 /b, g% ¢%]oe Z 1)7+1 gln(n+1)+2In+31
(g2, —qi, g3, g, —bqi 3L, ¢b1] o, %, ¢ q l/b i 1_|_bq6ln+J+3l
I pgdl 1 b n 3ln(n+1)+ln+l
+ [ q aq Z /
[ 3l bq q6l 1 _|_q6ln+j+2l

i~ (_1/b)nq3ln(n+l)—ln
+ > 1+ ot : (2.15)
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Applying the operator %‘b L on both sides of (2.15) and simplifying, we obtain (2.14). If we
multiply four times (2.14), then subtract from twice (2.13), we find

. o0 y —q
[_ql—‘,-]7 q2l. qGZ] 2 Z 61m+l q6lm+5l N q6lm+l+j B q6lm+5l J
[_qj7 q’, _q2l+j q61 6lm+l 1— q61m+5l 14+ q6lm+l+j 1+ q6lm+5l—j

q6lm+3l j q6lm+3l+j
—4 (1 + ¢Blm+3i—j 1 n q61m+3l+j> }

i (671 + 2)(—1)nq3ln(n+1)+ln+l © 6n(_1)nq3ln(n+1)—ln
+

1+ q6ln+j+21 1+ qﬁln-‘rj
n=—oo n=-—oo
N 4(q2l. q2l)2 00 (_1)nq3ln(n+l?+2ln+2l (216)
(¢ ¢%)2, 4= 1 + olnti+3l

Replacing ¢, ay, b1, by by ¢%, —¢"+9, —¢7, —¢"+?! in (1.1) with r = 1,5 = 2, we obtain

[_ql-i-j7 qQZ; qﬁl]oo(qGZ; qﬁl)go i (_1)nq3ln(n+1)+ln+l 00 (_1)nq3ln(n+1)—ln (2 17)
: - = - + - .
[_qj’ ql’ _q2l+j; qﬁl]oo = 1+ q61n+j+21 S~ 1+ q6ln+]

Finally, (2.16) plus j times (2.17) yields (2.12). O

To prove (1.4), we need the following result whose proof is analogous to that of Theorem 2.3
and thus is omitted.

Theorem 2.4. We have

259 M ) (g0 O i Z §Blm+2l gBlm+4l B gSlm+2i+i
@, — ¢, — g+, q6l 1 +q6lm+2l 1+ o+l — 1 — gBlm+2it
. q61m+4l j » gBlm-+aL - gBlm+21=i
1 — Olm+al—j 1 gOlm+al+j — 1 _ gOlm+20—j
o Z (6n+4+j)q3ln(n+l)+2ln+2l
o 1+ gbinti+al
n=—00
00
6n+ 3ln(n+1)72ln
vy g
1+q n+j
n=—00
N 2(q2l.q21)2 i (_1>nq31n(n+1?+2ln+2l
( q 7q )oo n=—o00 11— q6ln+]+4l

3. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. We begin with the proof of (1.2). First, note that
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(9] 00
Z(l_ Gy 3D SETIERY ) SEVE
n=1 q n=1 n=1m=1 n=1m=1
Z q n(3n+1)/2 _ i qn(3n+1)/2 N i qn(3n—1)/2+2n
n—;ooo 1 o q n=1 (1 o qn)2 n=1 (1 n q”)Q
n
()
_ an(3n+1 /2 Z mqnm n an(?m-i-l /2 z(m o 1)qnm—n
m=1 m=2
00
— Z 2m_ 1 Z n(3n+2m— 1)/2
m=1 n=1
and
i (6n _ 1>qn(3n+1)/2 B i (Gn _ 1)q n(3n+1)/ + i 677, + 1 n(3n+1)/2
n=-—00 1- 7" N n=1 1- qn n=1 1- 7"

n#0

00 00
_ 12ann(3n+l)/2 Z qm"
n=1 m=0

SN
- 192 Z Z nqn(3n+2m—1)/2.

n=1m=1

Therefore, (2.8) is equivalent to

((_q;%; flg)=1- 4§: i ng™ — 16§: i ng®™ + 4§: i (6n + 2m — 1)gnBn—1+2m)/2,

n=1m=1 n=1m=1 n=1m=1
(3.1)
By applying (see [5, page 114, Entry 8 (ix)])
> 3
Z (6n + 1)qn(3n+1)/2 _ (Q)oo (32)

(—q)2

and extracting the coefficient of ¢™ on both sides of (3.1), we obtain

n=—oo

S (6m+1)e (f;n ~ %mQ - ;m> = —40(n) — 160 (g) +4 S (Ba+b). (33)

meZ a,beZt
3m24+m<2n ab=2n
b>3a
azb (mod 2)

We now examine the right-hand side of (1.2). Observe that both a and b have the same sign,
and when a = 3b, N is not an integer. Hence, by splitting the sum according to the values of a
and b in the range 1 <b < 3a,1 <3a <b,3a <b< —1,and b < 3a < —1, we find that
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~ 11 b b
TER T S D ST Sl IR S
Z 7676 3 3
a,beZ a,beZT a,beZT a,beZ™ a,beEZ™
ab=2n ab=2n ab=2n ab=2n ab=2n
6/3a+b—1 1<b<3a b>3a 3a<b<—1 b<3a<—1
6|3a+b—1 6]3a+b—1 6|3a+b—1 6|3a+b—1
> >
= - — a
3
a,beZt a,beZ™
ab=2n ab=2n
1<b<3a b>3a
6|3a+b—1 or 6|3a+b+1 6|3a+b—1 or 6|3a+b+1
1
=3 > b= > (3.4)
a,beZt a,beZt
ab=2n ab=2n
1<b<3a b>3a
bZa (mod 2) bZa (mod 2)
where in the third equality, we note that
>ob= > b= ) 8= ) 3a= )  3a= ) 3a
a,beZt a,beZt a,beZt a,beZt a,beZt a,beZt
ab=2n ab=2n 3ab=2n 3ba=2n ab=2n ab=2n
1<b<3a 1<b<3a 1<3b<3a 1<3a<3b b>3a b>3a
6|b+3a+3 3lb aZb  (mod 2) bZa  (mod 2) 3l 6lb-+3a-+3
a#b (mod 2) a#b (mod 2)
Thus, by (3.3) and (3.4), it suffices to show that
n
Z b=30(n)—4c 5)~ Z b. (3.5)
a,beZt a,beZt
ab=2n ab=2n
b>3a 1<b<3a
aZb (mod 2) a#b (mod 2)
By elementary manipulations, we see that
n
30(n) — 4o (5) =Y - Y
a,beZ™t a,beZt
ab=n ab=2n
a=b=0 (mod 2)
= > b o+ > 2
a,bGZ7L a,bGZ7L
ab=n ab=n
b=1 (mod 2) a=1 (mod 2)
= > b+ > b
a,beZ™ a,beZ+t
ab=2n ab=2n
a=0 (mod 2), b=1 (mod 2) a=1 (mod 2), b=0 (mod 2)

b

D

a,beZt
ab=2n
azb (mod 2)
and thus (3.5) is true. This proves (1.2).
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Splitting the sum on the right-hand side of (1.3) in a way similar to (3.4), we find that

—6 d(NN é ;) > b— > 3a (3.6)

a,beZ a,beZt a,beZt
ab=4n+1 ab=4n+1 ab=4n+1
12|3a—b—2 1<b<3a—2 b>3a+2

12|3a—b—2 or 12|3a—b+2 12|3a—b—2 or 12|3a—b+2
=: Sl(n) — 352(%).

The generating function for Sp(n) is given by

[e's) 00 3a—2 00 3a—2
SETOVED SIS SRPEEIED ol SR @
n=0 a=1 b=1 a=1 b=

12|3a—b—2 12|3a b+2

4]ab—1 4lab—1

Note to have 12|3a — b — 2 and 4|ab — 1, we must have a odd and b = 1 (mod 6). Hence we
replace a = 2k + 1 and b = 6/ + 1 in the first sum on the right-hand side of (3.7). Similarly, we
replace a = 2k 4+ 1 and b = 6/ + 5 in the second sum. This leads us to

i&(n)q” i Z (61 +1) 3kl+(k+3l)/2+z Z (61 + 5)g3k+(Bk+30)/2+1
n=0

k=0 1=0 k=0 (=0
2|k—1 2|k—1
o o (e’
= Z Z (61 + 1)q3k1+(k+3l)/2 + Z Z (61 + 5)q3kl+(5k+31)/2+1
=0 k=l =0 k=l
2|k—1 2|k—1
00 00 0o o
— Z(ﬁl + 1)q312+21 Z qk(6l+1)/2 + Z(& + 5)q312+4l+1 Z qk(6l+5)/2
=0 k=0 1=0 k=0
2|k Sk
© 312+2l oo 3l2+4l+1
= > 61+ 1) T 2 (61+5) W
=0 1=0

7 i (61+1)q3l +21

o (38)

l=—oc0

where in the last equality, we replaced [ by —I — 1 in the second sum. Similarly, the generating
function for Ss(n) is

00 . o m—1 q3n2+2n—2
S Samygr = ) oD T (39)
n=0

l—gq
n=—o0
From (2.10), applying (see [5, page 115, Entry 8 (x)])

[e.e]

> (Bnt1)g" = %, (3.10)

n=—oo
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(3.6), (3.8) and (3.9), we see that (1.3) follows upon extracting the coefficient of ¢" from both
sides of

(qz‘q2)2 o (_1)nqn(3n+1) B o (6n+ 1)q3n2+2n o (2n— 1)q3n2+2n72
2 Z 1+ g2 - Z 1 — g+t -3 Z 1— ¢6n=3 - (3.11)

(—#:¢*)3% =, o S—

Now, to prove (3.11), we first set [ = 1 and j = —3 in Theorem 2.3 to obtain

[q‘Q,q2;q6]oo(q6;q6)§o{ 1+2Z< ¢t o N ¢om2

[~a73,9.—1/4: ¢ I A A

q 6(m+1)+2

B & (6n _ 1)(_1)nq3n2+4n+1 0 6n o 3)( 1)nq3n +2n
- Z 1+ q6n—1 + Z 14+ an—S
n=-—00 n=-—00
. 4lq72, ¢% ¢%)oo q ®)% Z Jrgdn(nt)+an+3 5.12)
1 1 6mn :
[4°,4,1/¢;¢° = +4q

Replacing ¢,a,b and ¢ by ¢% ¢°, ¢° and —1/¢?, respectively, in [8, Corollary 3.2], we obtain

q
—1+2 Z (1 — gOm+1 1 gb(m+1)-1 + 1+ ¢6m—2 14 gB(m+1)+2

¢+l ¢Stm+1)-1 6m—2 Sm+1)+2 )

[q ,—¢% —4% 4o (4% %)%
[9,0:—1/¢* 4% ¢°lo
which together with (3.12) gives

o~ (Gn =D PSS (60— 3) (1)
B nz_:oo 1+ ¢ont - nz_:oo 1+ ¢on3
[Q7 q2’ qzv _q2’ q37 qG] ( ) 4 q q oo n n (3n+5)+2
a —q;q0 - Z 6n (313)
[~ ¢°] )2, 1 +q
By [6, Eq. (2.1)], we have
_Pla P P e (@B (PR o (D) .
[_q; q6]<x> (q; qg)go 2 1 + q6n
Substituting (3.14) into (3.13), we obtain
o~ (On— (D" S (60— 3)(—1)"gP
_ Z 1+ qﬁnfl - Z 1+ q6n73
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q q oo Z n n(3n+5)+ q q oo Z n n(3n+3)+
oo et 1 + an oo = 1 + q6n
(4% %)% (=1)ngnt+2 (3.15)
(g5 4%)3 L+g 7 '
! X n=—0c0
where the last step follows from the fact that
i~ (_1)nqn(3n+1) 0 (_1)nqn(3n+5)
nz_:oo Lgs nz_:oo L+t
and
i (_1)nqn(3n+1) _ i (_1)nqn(3n+1)<1 q ny q )
= 1+gm = 1+ ¢bn
As (3.15) is equivalent to (3.11), this proves (1.3).
O

Proof of Theorem 1.2. For (1.4), we first split the sum on the right-hand side in a way similar
o (3.4) to obtain

~ 11
6(_1)n+1 Z d<NaN7376

a,be” a,beZ+t a,beZt
ab=4n+3 ab=4n+3 ab=4n+3
12|3a—b—4 b>3a+2 1<b<3a—1
12|3a—b—4 or 12|3a—b+4 12|3a—b—4 or 12|3a—b+4

(3.16)

By (2.11), (3.2) and a calculation similar to (3.8) for the generating function of the right-hand
side of (3.16), we see that (1.4) follows extracting the coefficient of ¢ from both sides of

(q2. q2)2 o (_1)nq3n2+3n . o (2n —1)q n(3n+1)—2 - i (6n — 1)qn(3n+1)—1
(—q%; ¢%)2 Z 1 — g2+l N Z 1+q6n3 1+ ¢bn—1

X p=—0co n=-—o0o n=-—00

(3.17)
To prove (3.17), we set j = —1,1 =1 in Theorem 2.4 to get

[q q4. q ] (q q ) iy Z 6m—|—2 B q6m+4 B q6m+1 N q6m+5
[ 1/q _q _q q 1+ q6m+2 1+ q6m+4 1— q61m+1 1— q6m+5

6n _|_3 3n(n+1)+2n+2 ° (6n _ 1)q3n(n+1)f2n
- Z 1+ ¢on+3 + 1+ gon—1

n=—oo n=—oo

n ,3n(n+1)+2n+2

N 2(q2'f12)2 i (-1)"q

(—q% %) 1 — gbnt3

(3.18)

X n=—00
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Replacing ¢, a,b and ¢ by ¢%, ¢, ¢ and —¢?, respectively, in [8, Corollary 3.2], we obtain

6m+2 6m-+4 6m-4-1

6m+5
14 Z q . 4q + q
1+ q6m+2 1+ gbmtd 1 — gblmt1 T 1 _ o6mt5

[q ,—¢% —4% e (4% ¢%)%
[9,9, =% —a*; ¢°]
which together with (3.18) gives
(6n 4 3)gPn(ntD)+2n+2 2L (6n — 1)gnntl)—2n
Z 1 4 ¢bn+3 N 1+ ¢bn—1

n=—oo n=—oo

B 2(q2.q2)2 i (_1)nq3n(n+1)+2n+2

ald®, =%, ¢*; %00 (¢%; ¢%) 4

3.19
(—a%d*)3 = 1 — gbn+3 4, =4, —4* —¢% — 4% ¢ (3.19)
We note that (see [6, Eq. (2.1)])
ald®, —2*, 0% % (d® a0)h  (FD)% i (—1)ngn@nt3)+l (3.20)
4. —a,—¢* —* ¢ ¢l (—a%a?)% =, 1—qFP
Substituting (3.20) into (3.19), we find that
i (6n + 3)q3n(n+1)+2n+2 > (6n _ 1)q3n(n+1)—2n
6n+3 o 6n—1
Mt 1+¢" S 1+ ¢bn
2((]2 q2>2 o (_1)nq3n(n+1)+2n+2 (q2;q2)go 0 (_1>nq3n(n+1)+1
— 6n+3 2. 22 — 6n+3
(B 1 —g% (—¢*e%)%  —  1-q¢™
B (q2 q2) i (_l)nq3n(n+1)+1 (3 21)
( q q )oo = 1— q2n+1 )
where the last step follows from the fact that
0 (_1)nq3n(n+1)+2n+1 o (_1)nq3n(n+1)+4n+2
Z 1 — ¢on+3 - Z 1 — ¢on+3
n=-—00 n=-—00

and

o (_1)nq3n(n+1) > (_1)nq3n(n+1)(1 +q2n+1 +q4n+2)

ZW: > 1 — gonts

n=-—o0o n=-—o0o
By (3.21), we find that, to prove (3.17), it suffices to show that
(6n + 3)q3n(n+1)+2n+2 (6n — 3n2+n—1

00 00
Z 1+q6n+3 - Z 1+q6n3

n=—oo n=—oo

which is easily checked to be true by replacing n by —n in the sum on the left-hand side. This
completes the proof of (3.17) and thus (1.4).

Now, by taking the sum and difference of (1.5) and (1.6), respectively, we obtain the two
equivalent formulas
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> <m+;>C(W(q);n—3m2—2m—1): > d<N’N’z1*,’£1%>

meZ a,be’Z
3m24+2m+1<n ab=n
12|a—3b—2
~ 11
— d|{N,N, -, = 3.22
> oa(nEgg). e
a,beZ
ab=n
12|a—3b—8
and
1 2
> m+ 3 ) e(w(=ghn—3m? —2m —1) = 2R,
meZ
3m2+2m+1<n

- 11
- > d<N’N>3’3>'

a,beZ
ab=n
12la—3b—8 or 12|a—3b—2
(3.23)
From (3.10) and noting that
5% (N1 - 3 a- ) 3
33
a,be’Z a,beZt a,beZ+t
ab=n ab=n ab=n
12|a—3b—8 1<a<3b—1 a>3b+1
12|a—3b—8 or 12|a—3b+8 12]a—3b—8 or 12|a—3b+8
and
5 % a(N A1) = 3 a- ) 3,
3°3
a,beZ a,beZt a,beZt
ab=n ab=n ab=n
12|a—3b—2 1<a<3b—1 a>3b+1
12|a—3b—2 or 12]|a—3b+2 12|a—3b—2 or 12|a—b+2
we see that (3.22) follows from
2. 2\3 o 3n2+14n+8 o 3n24+2n
Q(QaQ)oow(): 2 (3n+2)q _3 Z nq
(—; 0% el 1 — gl2nts e 1 —gi2n
n#0
[e/e] 2 [e'e) 2
(37’L + 2)q3n +8n+4 nq3n +8n
N Z 1 — gl2n+8 +3 Z 1—gi2n (3.24)
n=—oo n=—oo
n#0

or equivalently
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2 o0 2 4
q(qZ;qQ)?O)o > nq?m +2n (3TL 4 2)q3n +8n+
e =1 3 T S

- 2)2 6 6n+4
(—4:9%)3% S 1+ 14 ¢
n#0
B o0 nq3n2+2n s (3n + 1)q3n2+4n+1 )
=3 Z 1+ q6n Z 1+ q6n+2 (3' 5)
n=—oo n=—oo
We now set [ = 1,5 = 0 and replace ¢ by —¢ in Theorem 2.3 to obtain
(4, 0% 4% o0 (65 ¢%)2 & ot O+ o+ oo
bl ? Y o0
2 -1, —¢, —¢% ¢%]os — <1 B B N e B I L q6m+5)
B i (6n + 2)q3n2+4n+1 oo 6nq3n2+2n (q2; q2)go i (_1)nq3n2+5n+2 (3 26)
Bt 1+ q6n+2 et 1+ q6n (7q; QZ)go S 1— q6n+3 .
By [8, Corollary 3.1], we have
o0 o1 O+ Ot o5 0 ¢S+
mz_:o (_ 1t gom+1 T T gmAs T gbml Tz q6m—|—5> - _4jz_:oo 1 gl%+2
_44le% 0" (a% 65
42, 4% ¢'?] o

which together with (3.26) gives

2 2 _
i (6n+2)g* 4 g g™ 2t (%075 0% (@ a3
S S 1+ (=6:6*)3% (4% ¢* ¢°%loo (a5 45)3
(q27q2)go o0 (_1)nqn(5n+5)+l
+4(—q;q2)§o 2 1 — ¢fnt3
n=—oo
This together with [15, Eq. (5.8)] implies
(q2392)§o o0 (6n+2)q3n2+4n oo 6nq3n2+2n71
g = e s e Dl s
4 4%)3% = q = q

which is equivalent to (3.25). Thus, (3.22) is proven.
For (3.23), it suffices to prove

Z (3m+1)c(w(—q);n—3m2—2m—1)

meZ
3m2+2m+1<n

= 6R,, — > a+ > 3b

a,beZT a,beZT
ab=n ab=n
1<a<3b—-1 a>3b+1

a—3b=2,4,8,10 (mod 12) a—3b=2,4,8,10 (mod 12)
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=6R,— > a+ Y = 3b

a,beZT a,beZT
ab=n ab=n
1<a<3b—1 a>3b+1

a=b (mod 2) a=b (mod 2)

=6R,— > a+ Y  3b (3.27)

a,beZ™* a,beZ™*

ab=n ab=n

1<a<3b a>3b
a=b (mod 2) a=b (mod 2)

where in the second equality, we used the fact that

> a= Y Ba= Y 3= Y  3b

> 3b.

a,beZt a,beZ+t a,beZ+t a,beZt a,beZt
ab=n ab=n ba=n ab=n ab=n
1<a<3b—1 1<3a<3b—1 1<3b<3a—1 a>3b+1 a>3b+1
a—3b=0 (mod 6) _ a=b (mod 2) 3la a—3b=0 (mod 6)
a=b (mod 2) a=b (mod 2)

Next, we examine the right-hand side of (2.9). Note that

i L _ 2§: L _ i ((QTL — 1)q2”_1 B 4nq2n N an4n )
— (14 ¢g2n—1)2 Z (1— ¢2)2 < 1— gin—2 T—g 1—gn
w ~
=Y 6Rug",
n=1
where
- $(o(%) —20(%)), if nis even;
R, =
' go(n) if n is odd,
and
e} 3n2 o0 3n2 00 3n2+4n
= _'_ s
P e S P
n#0
0 o oo o0
2 2
= Z Z q3n +2mn(m_|_ 1) + Z Z q3n +2mn(m i 1)
n=1m=0 n=1m=1
[ee)
LR W S
n=1 n=1m=1
Similarly,
ad 2 > SIS
3n —1)¢>"
= K SERRSILS B S )
n:;(c])o 1 n=1 n=1m=1
n
Hence, identity (2.9) is equivalent to
(q2; q2)3 6R 3n2 9 n(3n+2m)
Er R Z e +anq £33 (6n 4 2m)g
& n=1m=1
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—Z(SR q" +ZZ (3n + 2m) "3 +2m) +Zz3nq (3n+2m)

n=1m=1 n=1m=0
zzaénqmrzq" > (3b—|—2m)+2q” > 8
n=1 n=1 bmezt n=1 b,mezZt
b(3b+2m)=n b(3b+2m—2)=n
o 00 00
= 6Ruq"+> " > at+d " >, 3b (3.28)
n=1 n=1 a,beZT n=1 a,beZt
ab=n ab=n
a>3b a>3b—2
a=b (mod 2) a=b (mod 2)

Applying (3.10) while extracting the coefficient of ¢" from both sides of (3.28), we obtain

Z (3m+1) ¢ (w(—q);n —3m* —2m — 1) =6R, + Z a+ Z 3b.

meZ a,beZt a,beZt
3m24+2m+1<n ab n ab=n
a>3b a>3b—2
a=b (mod 2) a=b (mod 2)
Note that
oo 0 0
> 6(Rn— Ro)g" =Y 20(n/2)¢* + Y o(2n—1)¢*" "
n=1 n=1 n=1
B >\ 2ng*n n > (2n —1)g*>" !
- _ o4 _ 44n—2
n=1 1 q " n=1 1 q "
0o 00 oo 00
— Z 2nq4mn + Z Z (2n _ 1)q(2n—1)(2m—1)
n=1m=1 n=1m=1
% 00
SO DTS D DI
n=1 gbezt n=1 a,beZ*
4ab=n (2a—1)(2b—1)=n
00
DD DI
n=1 a,beZT

ab=n
a=b (mod 2)

Thus, (3.27) follows upon observing that

>oa— Y e+ D> 3= > a+ Y 3b

a,bcZ+t a,bcZ+t a,bcZ+t a,beZt a,bcZ+t
ab=n ab=n ab=n ab=n ab=n
a=b (mod 2) 1<a<3b a>3b a>3b a>3b—2
a=b (mod 2) a=b (mod 2) a=b (mod 2) a=b (mod 2)

This proves (3.23). Adding (3.22) and (3.23), then dividing by two yields (1.5) while subtracting
(3.23) from (3.22), then dividing by two implies (1.6).
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4. OTHER APPLICATIONS OF (1.1)

It is worth noting that (1.1) can also be used to obtain other identities involving mock theta
functions. For example, in [4], Andrews, Rhoades and Zwegers consider the automorphic prop-
erties of the g-series

n(n+1) o)

1 = (=1)*tlng 2 1 q"
\q) ‘= 3 —— =2 — 1,
@ ()3 n_z_:oo 1—qn 4 ,; (1+4q)?
n#0

which is related to the generating function for the number of concave compositions of n [2]. In
particular, to show that 15(q) is a mock theta function, they require the following key identity
(see Theorem 1.3 in [4])

0o n(n+1)
Flg)=—— S 12— o). (4.1)
(Q)oo(_Q)go e —o0 1+qm
We now prove a generalization of (4.1).
Theorem 4.1. We have
o k(k+1) o
@R ol Z AT S CV Tl
[1/bloc = 1—bg* (1- bq RRCETEyE = 1=
n#0
(4.2)

Proof of Theorem /.1. Setting r = 1, s = 2 and replacing a; by bby in (1.1), after rearranging,
we obtain

[bbl, bl/b Z k (k+1) - [b]oo 0 ( bl)k+1qk(k+1) (4 3)
[b bl, bl — 1 — bq b[bl]oo oo 1-— blq .
Multiplying by (1 — b;)? and applying the operator d;l—zl‘b o ve obtain
1=
(g, q/b)o 1/boo Z < b /b >
(1-0)(9)3 L—g?  (1=bg")? (1—q"/b)>
B i (_b>qu(k2+1) . [b]oo i (_1)nqn(n+1)/2(1+qn) N (_l)nnqn(n+1)/2 (4 4)
2 b T 2 CErOE T A

n#0

Letting a,c,d,e — 1 and b — ¢ in a limiting case of Watson’s g¢7 transformation, [5, Eq. (7.2),
p. 16]
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i (ag/be,d, e;)n(GD)" _ (ag/d,aq/e; @)oo N~ (@, ¢,d, €5q)n(1 — ag®")(—a®)"q" )/
= (gaq/baq/c;q)n  (aq,aq/de;q)se 2= (q,aq/b,aq/c,aq/d, aq/e; q)n(1 — a)(bede)™’

we find that

i n i n nn+1)/2(1+q ) (4 5)
= (1—q)? — (1—qm)? ' '

Substituting (4.5) into (4.4) and rearranging, we obtain

0 0 k(k+1)
Ly (AU VLB W ()% > (=b)*q =
b= 2\ T—v? T U= 52) T Wbl 21— b
o~ (=1)"ng" 1/
17
n£0
which implies (4.2). O

Multiplying by gqfql)éb on both sides of (4.2) and setting b = —1, we obtain (4.1). Using
Theorem 4.1, one can also show

4 43 0 q4n+1 q4n+3 0 (_1)nnq2n(n+1)
(¢ 4")sB(a) = Z ((1 — gy + 1- q4n+3)2) - Z 1— g (4.6)
n

where

Z v

n=0 74
is a 2nd order mock theta function (see [14]). To see this, replace ¢ and b by ¢* and ¢, respectively
n (4.2) to obtain

n+1

n n (2n+3) 4n+1 q4n+3 0 (_l)nnq2n(n+1)
1/q ‘] Z 4n+1 N Z ( ¢ t1)2 T (1-— q4n+3)2> T nzz:oo 1— gin
n#0
By ([15, (3.2a), (3.2b), Eq. (5.2)]), we have
1 oo (_1)nqn(2n+3)
B(q) =
@ (¢:4% ¢* q*)oo n;w 1 — gttt

and thus (4.6) follows.
Extracting the coefficient of ¢" on both sides of (4.6), we obtain the following corollary.
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Corollary 4.2. For a fized positive integer n, we have

> D)M2m+De(Bn-2m® —2m—1)= > d— Y (-1 .
mezZ+ 0<d|n a,beZt
2m24+m+1<n 2 odd 1<a<d

¢ 2ab=n
a#b (mod 2)

Similar results exist, for example, for the mock theta functions ¥ (q), p(q) and A(g) of order
6 and Vp(q) of order 8 as they can be written in terms of Appell-Lerch series (see Section 5 of

[15]).
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