UNIMODAL SEQUENCES AND MIXED FALSE THETA FUNCTIONS

KEVIN ALLEN AND ROBERT OSBURN

ABSTRACT. We consider two-parameter generalizations of Hecke-Appell type expansions for
the generating functions of unimodal and special unimodal sequences. We then determine their
explicit representations which involve mixed false theta functions. These results complement
recent striking work of Mortenson and Zwegers on the mixed mock modularity of the generalized
U-function due to Hikami and Lovejoy. As an application, we demonstrate how to recover
classical partial theta function identities which appear in Ramanujan’s lost notebook and in
work of Warnaar.

1. INTRODUCTION

1.1. Motivation. A sequence of positive integers is strongly unimodal if
a<...<a<ec>by>...>bs (1.1)

with n = c+ 2521 a; + ijl b;j. Here, c is the peak and n is the weight of the sequence. The
rank of such a sequence is defined as s — r, i.e., the number of terms after ¢ minus the number
of terms before c. For example, there are six strongly unimodal sequences of weight 5, namely

(5), (1,4), (4,1), (1,3,1), (2,3), (3,2).

The ranks are 0, —1, 1, 0, —1 and 1, respectively. Let u(m,n) be the number of such sequences
of weight n and rank m. A brief reflection reveals the generating function

Ulz;q) ==Y ulm,n)a™q" = > (—zq)n(—2z " g
n>1 n>0
meZ

where ¢ is a non-zero complex number with |¢| < 1 and

(a)n, = H 1—aq 1

is the usual g-Pochhammer symbol, valid for n € NU {oo}. Such sequences not only abound in
algebra, combinatorics and geometry [6, 7, 25], but have recent intriguing connections to knot
theory and modular forms [9, 18]. In 2015, Hikami and Lovejoy [14] introduced the generalized
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U-function
U @) =a > (~a@)k-1(~2 )k 10"
k> >k >0
km>1

(1.2)
t—1 . i .
« quzf kiv1 — ki —i+ 3251 (2k; + x(m > j))
Pl ki1 —k;

where t, m € Z with 1 <m <t, x(X):=1if X is true and x(X) := 0 otherwise and

[Z] - <q>§?l"<q>,€

is the standard ¢-binomial coefficient. Note that
1 _
U (@:9) = ¢ U (x39).

The motivation for (1.2) arises in quantum topology. Let K be a knot and Jx(K; q) be the Nth
colored Jones polynomial, normalized to be 1 for the unknot. By computing an explicit formula
for the cyclotomic coefficients of the colored Jones polynomial of the left-handed torus knots

T 0041) [14, Proposition 3.2] and comparing with (1.2), one observes

U (~q":q) = In(Th041):0)

and so Ut(m) (z;q) can be viewed as “extracted” from Jy (T(*2 21415 q). In addition, Hikami and
Lovejoy proved the Hecke-Appell type expansion [14, Theorem 5.6]

-1
4)5
Z Z (_1)r—;—lq%r2+¥rs+é52+1+72n+t7,,+1—gn+ts (13)
X - r4+s+1
r,s>0 r,8<0 1- rq 2

r#s (mod 2)  r#s (mod 2)
and stated [14, page 13]“. .. it is hoped that the Hecke series expansions established in this paper
will turn out to be useful for determining modular transformation formulae for Ut(m) (x;q).” Given
that the base case Ul(l)(w; q) is a mixed mock modular form [14, Theorem 4.1], one wonders if

the same is true for Ut(m) (z;q). Mixed mock modular forms are functions which lie in the tensor
space of mock modular forms and modular forms [10, 17]. In recent striking work [22], Mortenson

and Zwegers show that this is indeed the case by expressing Ut(m) (x;q) in terms of finite sums
of Hecke-type double sums

Fapelw,yiaq) = 3 sglr,s)(=1) Fary &) Hrste(z) (1.4)
r,sEZL
where a, b and ¢ are positive integers,

sg(r) + sg(s)

: (1.5)

sg(r, s) :=
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and
1 ifr>0
_ S 1.6
s(r) {—1 if r < 0, (1.6)
Precisely, they prove for ¢ > 2 and 1 < m < ¢ [22, Theorem 1.7, Corollary 5.3]
—m+1—t 2t—1
(1 —2)0") (~wiq) = (~1)kq("2)

@3 &

% (f1’4t_171(qk+m+t’ qk—t—m-i-l; q) — qul74t_l71(qk—t+m+17 qk—m—O—t; q))

X f1,2t,2t(2t71)($71q1+ku — gD+

q)-

(1.7)
As discussed below, one can show that the expression within the parenthesis in (1.7) is (up to
an appropriate power of ¢) a modular form while the remaining double sum is a mixed mock

modular form. Thus, Ut(m) (x;q) is a mixed mock modular form.

1.2. Statement of Results. A sequence of positive integers is unimodal if each < is replaced
with < and we write € for the distinguished peak in (1.1). For example, there are twelve unimodal
sequences of weight 4, namely

(4), (1,3), (3,1),(1,2,1), (2,2), (2,2),
(1,1,2), (2,1,1), (1,1,1,1),(1,1,1,1), (1,1,T,1), (1,1,1,T).

These sequences have numerous other guises [3, Section 3] and appear in a wide variety of areas
[23]. The rank of such a sequence is again s — r. Inspired by (1.3) and (1.7), the purpose of
this paper is to first consider two-parameter generalizations of Hecke-Appell type expansions
for four of the five generating functions of unimodal and special unimodal sequences which
appear in [8, 15, 16]. We also briefly discuss a two-parameter generalization of the Hecke-
Appell type expansion for the fifth case [16] (see Section 4). To our knowledge, this covers
all known cases of unimodal sequences whose generating function has such an expansion. We
then demonstrate that the techniques in [22] are robust enough to find explicit representations
for all of these generalizations. These representations involve mixed false theta functions, i.e.,
expressions of the form » h,g, where h, is a modular form and g, is a false theta function
[24]. These new occurrences of mixed modularity nicely complement (1.7) and hint at a general
underlying structure for Hecke-Appell type expansions with such properties. This structure will
be the subject of forthcoming work. Let D := b?> — ac. The key is to express each of these
two-parameter generalizations in terms of finite sums of (1.4) and then apply [22, Corollary 4.2]
if D > 0 or [20, Theorem 1.4] if D < 0, both of which we recall in Section 2. For example, one
uses [22, Corollary 4.2] to deduce the mixed mock modularity of (1.7). As an application, we
demonstrate how the base cases of our results recover classical partial theta function identities
which appear in Ramanujan’s lost notebook and in work of Warnaar.
Let

O(x:q) = (2)oo(4/7)o0 (@)oo = D (~1)"q(2)a". (1.8)

neL



4 KEVIN ALLEN AND ROBERT OSBURN

For the first case, let u(m,n) denote the number of unimodal sequences of weight n and rank
m and consider its generating function [15, Eq. (2.2)]

meZ "

n

which satisfies the “marvelous” partial theta function identity [1, 2], [4, Entry 6.3.2]

n(3n+1) (1 —+ Z’)(q)oo 2 1 n(n+1)

U(—z5q) = (1+2) Y a®mq 7 (1—a?g?H) — E T2 N qyng2itg ™5 (1)
n>0 O(~;9) n>0

for x # 0 and the Hecke-Appell type expansion [15, Eq. (2.5)]

2 2 4
SH2rs+tyrtgs

Z/l(w;q) — (1(q;2$> Z _ Z (_1) q12_ o ) (110)

o0 rs>0 r,s<0

Fort,m € Z with t > 1, =t <m < 3t —2 and t = m (mod 2), consider the generalization

2 2
S H2trs+ 5+ 7t+12+m r+ 7t+127m s

—_1\rt+s,73
gem(ig) = > = > (=)™ T (1.11)

r,s>0 r,s<0

and
m 11—z
U™ (a:q) = ((q)?:gt,m(z; q)- (1.12)

By (1.10)—(1.12), 1(1)(x;q) = U(x;q). Following [13], we use the term “generic” to mean that
the parameters do not cause poles in the Appell-Lerch series (2.1) or in the quotients of theta
functions which occur after applying (2.2) to the Hecke-type double sums. Our first result shows

that th(m) (x;q) is a mixed false theta function.

Theorem 1.1. Lett, m € Z witht > 1, —t <m < 3t — 2 and t = m (mod 2). For generic x,
we have

(1-2) gl 3 m 4% —2

k+1 2, t+m t—m
U™ (2 0) = _)k+L ((F) R 2424t g 1ptom
" (2319) TR kZ_O( ) Hg froe(q ,q 1q)
_ 27, 42 _t—m 4
X f1,4t2—1,4t2(4t2—1)($ lqk+1,—q4t Rt tm = 48 1q)-

(1.13)

For the second case, consider unimodal sequences with a double peak, i.e., sequences of the
form

a<...<a,<Ec>by>...> by

with weight n = 2c+ Y, a;+ > ;_; bi. For example, there are eleven such sequences of weight
6, namely
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The rank of such a unimodal sequence is s — r where we assume that the empty sequence has
rank 0. Let W (m,n) denote the number of such sequences of weight n and rank m and consider
its generating function [16, Eq. (2.1)]

2n
W(zig) =S Wmn)amg" =S —L
' Z% "= 2 gt

which satisfies the partial theta function identity [26, p. 379]

W(ziq) = (1 - ) (1 tat (14223 ()" 2" (14 2q)

n=t (1.14)

(@)oo (4/2) o0
for x # 0 and the Hecke-Appell type expansion [16, Eq. (2.3)]

2+ (1422 5,0 (-1 l>>

2 52 r S
(_1)r+sq%+2rs+7+§+§(l _|_q2r) 1

W (a;) = (tq;;”) DY — - . (115)

o0 rs>0  7,5<0 ('IQ)OO(Q/J/‘)OO

Fort, m € Z witht > 1,1 —t < m < t, consider the generalization

(_1)T+Sq(r42rl)+2t7“5+(5;1)+(t7m)r(1 + q2mr)

hem(wg) = > = > T oo (1.16)
r,s>0  7,5<0 q
and ( )
) (g e LBy L

By (1.15)—(1.17), Wl(l)(x; q) = W(z;q). Our second result demonstrates that Wt(m) (x;q) is the
sum of a mixed false theta function and a modular form.

Theorem 1.2. Lett, m € Z witht>1,1—t <m <t. For generic x, we have

1—m—2t2 422

1—x)q k+1 _ 2
( ) Z (_1)k+1q( : )+kf172ty1(qt mA2=4 4k 0

(M) (. ) —
W, (23 q) (@)%O(x:9) &

k+1 8t —m—+4t2k.
, —q m CI)

9

X <f1,4t21,4t2(4t21)(1‘_1q
(1.18)

1 4_ 4 2
+ f1,4t271,4t2(4t271)(qu+ 7—q8t At k?Q))

B S
(@)oo (q/2) 0

For the third case, recall that an overpartition is a partition in which the first occurrence of a
part may be overlined. Consider unimodal sequences where ¢ is odd, ) a; is a partition without
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repeated even parts and ) b; is an overpartition into odd parts whose largest part is not ¢. For
example, there are twelve such sequences of weight 5, namely

(5)’ (1?37 1)7 (]"]"g)? (37171)7 (§?T7 ]‘)’ (17§’T)7(2?§)’
(1,1,1,1,7), (1,1,1,1,1), (1,1,1,1,1), (1,1,1,1,1), (T, 1,1, 1,1).

The rank of such a sequence is the number of odd non-overlined parts in ) b; minus the number
of odd parts in ) a; where the empty sequence is assumed to have rank 0. Let V(m,n) denote
the number of such sequences of weight n and rank m and consider its generating function [16,
Eq. (4.1)]

2n+1

V(wiq) ==Y V(m,n)a™g" = (=)2ng

n>0 >0 (245 ¢*)n+1(9/7; 4% )nta
mez
which satisfies the partial theta function identity [4, Entry 6.3.7]

| n(n+1
(1 n 1> V(l’7 q) _ Z(_I)nqn(nJrl) + M Z(_x)nq% (119)

2
for x # 0 and the Hecke-Appell type expansion [16, Eq. (4.3)]

2 2 3
(_1)r+sqr +2rs+ 5 +3r+5 +1

1
V(r;q) = —+—5—— — 1.20
@0 = @ \ 22" 2| A r e 120
For t, m € Z where t > 1, consider the generalization
- zq 1
kem(2:0) = o <mkt,m(_1;Q) + k‘t,m(x;q)>
where
(_ 1)r+sq2(g)+2t7"8+(§)+2(t+1)r+2ms
kom(zig) = D = e (1.21)
r,s>0 7,s<0 q
and
(m) 1 7
Vi (wq) = Wk&,m(x;@- (1.22)

By (1.20)—(1.22), V{l)(:ﬁ;q) = V(z;q). Our third result establishes that Vt(m) (x;q) is a mixed
false theta function.

Theorem 1.3. Lett, m € Z where t > 1. For generic x, we have

O(—q; ¢*

(m) g 23t "= k K243k U42—41242k 2
V. (x5 q) = E —1 - m.
t ( 7q) (1 + $)(q>oo<q2, q2)oo pr ( ) q f2,2t,l(q yq ,Q)
1 2 _ 4
x <) f1,2t2—172t2(2t2—1)(_q2k+17_q4t ho St dtm At ;QQ) (1.23)

- 72)f1,2t2—1,2t2(2t2—1)(x q )y ;

1 —1 2k+1 q4t2k72+3t74tm+4t4,q2)
O(qz:q



UNIMODAL SEQUENCES AND MIXED FALSE THETA FUNCTIONS 7

For the final case, consider odd unimodal sequences, i.e., unimodal sequences where the parts
a;, bj and c are odd positive integers. For example, there are six such sequences of weight 4,
namely

(1,3), (3,1), (1,1,1,1), (1,1,1,1), (1,1,1,1), (1,1,1,1).
Again, the rank is s — r. Let ou(m,n) denote the number of odd unimodal sequences of weight
n and rank m and consider its generating function [8, Eq. (1.5)]

2n+1
q
O(z;q) := Y  ou(m,n)z™q" =
nz;l nz;{) (2¢; ¢*)n11(a/7; ¢*)ni1
meZ
which satisfies the partial theta function identity [2], [4, Entry 6.3.4]
2. 2
2 7 ¢%)
O(_x; Q) _ Zx3n+1q3n +2n(1 o qun—H) B @(Tq;;) Z(_l)nx2n+1qn(n+1) (1'24)
n>0 ’ n>0

for = # 0 and the Hecke-Appell type expansion [8, Eq. (1.7)]

Owia) = | 2~ 2

r,s>0 r,s<0

(_ 1)r+sqr2 +4rs+s2+4+3r43s

1— .’L'q2T+1

(1.25)

Fort, m € Z witht > 1,1 —t < m < t, consider the generalization

(7 1)T+sq(;)+2trs+(§) +(t+m)r+(t+m)s

prm(ig) = > = > — (1.26)

r,s>0 r,s<0

and

m q
(’)?E )(33§Q) = mpt,m(quQQ)- (1.27)

By (1.25)—(1.27), Og)(x; q) = O(x;q). Our last result exhibits that (’)gm) (z;q) is a mixed false
theta function.

Theorem 1.4. Lett, m € Z witht>1,1—t <m <t. For generic x, we have

3-8t2—2(m—1)(2t—1) 4> =2

om (z:q) = q (_1)kz+1qk2+3sz1 ot 1(q2t+2m+2—8t2+2k 2m. @2
C YT S ) PR . R

—1 2k+1 16t4—4t2—2(m—1)(2t—1)+8t2k. 2
X f1,4t2—1,4t2(4t2—1)(37 q » —¢q ( I ) $q7)-

(1.28)

Remark 1.5. A two-parameter generalization in the case of the Hecke-Appell type expansion
for odd strongly unimodal sequences [8, Eq. (1.11)] can be found in [5, Theorem 1.6, Corollary
1.7] and is a mixed mock modular form.

The paper is organized as follows. In Section 2, we first recall the key results from [20, 22].
We then provide the necessary background on identities for (1.5) and (1.8) and prove alternative
forms for (1.16) and (1.21). In Section 3, we prove Theorems 1.1-1.4. Observe that the starting
point of [22] is (1.3) whereas in this paper one needs to initially construct the two-parameter
generalizations (1.11), (1.16), (1.21) and (1.26). Also, crucial steps in the proofs of Theorems
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1.1-1.4 include the discovery of the appropriate sums (3.7), (3.28), (3.44) and (3.60) and a novel
argument in proving (3.18), (3.36) and (3.52) (cf. [22, (2.2)]). In Section 4, we demonstrate
how the t = m = 1 cases of Theorems 1.1-1.4 recover (1.9), (1.14), (1.19) and (1.24). As the
reader will see, these verifications require some dexterity. In Section 5, we make some concluding
remarks and discuss future directions.

2. PRELIMINARIES

We begin with two important results, the first converts Hecke-type double sums (1.4) into
Appell-Lerch series

1) (g)zr
m(x,q,z) = ! Z (=1)q (2.1)

O(z;q) = 1—qlzz

while the second expresses (1.4) in terms of mixed false theta functions. Here, x and z are non-
zero complex numbers with neither z nor zz an integral power of q. Note that specializations
of (2.1) give mock theta functions [27].

Theorem 2.1 (][22, Corollary 4.2). For D :=b? — ac > 0 and generic x and y, we have

1
fape(®,¥30) = Gape(r,y,—1,-15q) + 6(—1: D)0 (—1; qcD)ﬁa,b,c(m, Y5 q) (2.2)

where

S]

a-l bl atl (

Jabe(T,Y, 21, 20, q) = Z(—y)iqc(z)@(qbiw;q")m(—q"( (40 (=)

aD)

|
o
—~

b+1 c+1

+ Z(—ﬂf)iqa(é)@(qbiy;qc)m(—qc( 2 )=e(% )"'DE::;;Z,Zl;q”D),

b—1 b—1
Dapola,y;q) = Z Z qa(d—;/2)+b(d—c/2)(e+a/2)+c(e+2a/2)(_x)d—c/Q(_y)e—i-a/Q
d*=0e*=0

cb? )

b—1
« Z qab2(§)+(a(bd+b2+ce)—ac(b+1)/2) I (=)™ ©(—gelad+betalb=1)/2+ab) (_yye. o
=0

a cla— —ac ab. _ab?
x @(761 ((d+b(b+1)/2+bf) D+c( b)/2)(7$) (7 b. _ab D)

y)“5q
(qu; qu)go@(qD(d+e)+acfb(a+c)/2(_x)bfc(_y)bfa; qu)

x @(qDe+a(cfb)/2(_l.)b(_y)fa; qu) @(qu+c(a7b)/2(_y)b(_l‘)fc; qu) ’

d:=d*+{c/2} and e := e* + {a/2} with 0 < {a} <1 denoting the fractional part of c.
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Theorem 2.2 (][20], Theorem 1.4). For D :=b? — ac < 0, we have

LSy o b a(tt)—e(t1)-ip CY*\" _ap(5Y)
Fuseloai) = 3 | S (-0 D00 asa) T sor) (44 ;) et

=0 rez (-JJ)
c—1 . i . b+1 1\ (71‘)0 r .
+ ;(_x)lqa(Q)@(qbzy; qc) éSQ(T) <qc( 2 )—a( 5 )—zD (_y)b> q—cD( : )) '

(2.3)

We continue with a result concerning identities satisfied by sg(r, s). We omit the proof. Let

5(r) = {1 if r =0,

0 otherwise.

Lemma 2.3. Forr, s, t € Z witht > 1, we have

sg(—r,—s —1) = —sg(r,s) + (r) (2.4)
and
2t
sg(r — 1,5+ 2t) = sg(r,s) — 6(r) + Y _ d(s +1). (2.5)
i=1
We now recall the theta function identities
O(q";q) =0, (2.6)
O(¢"z:q) = (-1)"¢” Bz "0(z:q) (2.7)
and
1)k sk +(n+5)k 3
3 (=1"q¢> CR )5 (2.8)
1 — 2k x"O(z;q)

kEZ

where n € Z. Next, we turn to providing alternative expressions for (1.16) and (1.21) which will
be beneficial in the proofs of Theorems 1.2 and 1.3, respectively. Let

(T;1)+2trs+(sgl) +(t—m)r

(m) /. - _ r+s9
1 (sq) = 3 salr,)(-1) — (29)
r,SEL
and
2(T)+2trs+(s)+2tr+2ms
r Sq 2 2
Ht,m(x;q) = Z Sg(?“, 5)(_1) * 1 2r+1 (210)
r,SEL
Proposition 2.4. We have
hm(w59) = H{™ (;9) — 27 1™ (275 ) (2.11)

and
ki (z3q) = 27 g (kegn(259) — fo2e1 (@, ¥ ™5 q)) - (2.12)
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Proof. We first let (r,s) — (—r—1,—s—1) in Hﬁm) (r~1; q) and simplify to obtain

N e R I

_ qu-l—m—&-t Z sg(—r—1,—s — 1)(_1)r+sq
r,SEL

s (2.13)

Next, applying 7 — r — 1 to (2.13), then using (1.8) and (2.4) yields

(r;1)+2trs+(sgl)+(m+t)r

—z Y sglrs)(— 1)+

1—xq"
r,SsEZL q

and thus (2.11) follows. Using (1.4), one observes that

F2201(6* 4°™5 0) = K (239) — Takem(w; )
and so (2.12) follows. O

3. PROOF OF THEOREMS 1.1-1.4

The method of proof is as follows [22]. First, we derive functional equations for each of (1.11),
(1.16), (1.21), (1.26),

Gt.m(z;9) = O(259)gt,m (5 q), (3.1)
A (21) = O(w; ) H™ (23 9), (3.2)
Rem(73q) == O(qw; ¢ ) Kym (w5 ) (3.3)
and
Prom (23 q) == O(x; ¢)pt,m (3 ). (3.4)

Suitable care is required in constructing the sums (3.7), (3.28), (3.44) and (3.60) which favorably
decompose in order to obtain these functional equations. We then express each of (3.1)—(3.4)
as a Laurent series in € C\ {0} and use the functional equations to find an explicit formula
for the coefficients in the Laurent series expansion. After some sitzfleisch, these calculations
eventually yield the right-hand sides of (1.13), (1.18), (1.23) and (1.28). For the first case, we
begin with the following result.

Proposition 3.1. Fort € N and m € Z with t = m (mod 2), we have

_gy2 t=m=2t2—2tm
—zt 9tm (25 q)

3 2t .

1—4¢2_ttm t—m—2t2—2tm (Q)OO j i ldt—m, o

—7x 2 g 2 72(—1 qz 2

O 2

gtm(qr;q) =

— (3.5)

412 -2
1—4t2 1—4t2 kE k Q424 ttm g tom
-z g > 2Pk fran (g 2 TN g T2 )

k=0
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and
42 t=m=2t2—2tm

Gem(qriq) =27 "¢ 2 Gtm (35 q)

m —m— 2_ m 2t .42 —m - .
S B ()-8 ) G W E R
— (3.6)
422 " .
2 2 2 m —m
+a O q) Y Pt fLa (@R M),
k=0
Proof. The idea is to compute the sum
1—4t2 (r+1)(1—-4t2
x4t2_1q% Z Sg(r, S)(_l)r+sq§+2trs+§+m%r+m%s1 -z q(r ) ) (3'7)

1—=x r+1
r,SEZL q

in two ways. Expanding the numerator yields

r2 s2 | 14t+m,., 1+t—m 2_t m
221 22 it otmim +2rs+ 5+ r+ 5 s+ 13 — 5 Htm+
X

q 2
2 gem(qriq) — Y sg(r,s) (1)
r,SEZL

1— xqr—i-l

(3.8)
Taking (r,s) = (r—1,s+2t) in the second sum in (3.8) and using (2.5), (2.6) and (2.8) leads to

2 2
q% +2trs+ %+71+t2+m r+ 7“”27” s

- Z sg(r—1,s+2t)(-1)""°

1 —axq”
r,SEL q

2 2
q%+2trs+%+1ﬂ%r+lﬂ%s

]_ 52+(1+t7'm)s
_ + titeom)s
== sg(rs) (-1 > (D)

1—xq"

r,SEZL SEZ (3 9)
2t Aqé—%”’*‘é‘i‘lﬂjmr— 1+t27mi
-2
1—axq”
=1 rez q
t+m 2t
— 3 2
) S
= —gm(3q) = — g D (-1)igr i,
Alternatively, we use
1-4t2 (r+1)(1—4¢2 4422
1—uz g ) e (r+1)(1—4t2) k_k(r+1) 310
- =-2 "¢ z"q (3.10)
1— iL'qT+
k=0
to express (3.7) as
6t2—t+2 472 2 2 1t 2-8t242k | 1
—6t°—t t T s t —8t t—
—q 2L N ghgh N7 s, s) (<) g T ey T e H e (1)
k=0 r,SEZL
6t2 —t42tm+ a2 t+ t
_ —Ot —th2tmim 4 k k P S P B =
=—q > aFdt fraalg 2t g ).
k=0

(3.11)
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Combining (3.8), (3.9) and (3.11) gives us (3.5). Finally, (3.6) follows from (2.7), (3.1) and
(3.5). O

We are now in a position to prove our first result.

Proof of Theorem 1.1. Note that §¢m(x) = gem(z;¢) does not have poles and so we may write

T2 —m+2 272 m
Grm(@) = (1) gt g (3.12)
rez

for all z € C\ {0}. Substituting (3.12) into (3.6), we obtain

2 2 2 2 2
T t—m—+42t“—2tm 2 t—m—2t“—2tm r t—m+2t“—2tm
T2 e — — zm=—st —2tm R e Y —
E (—1)Tq8t2 8t2 ax " =ux 4t q 2 E (—1)”q8t2 8t2 arx "

reZ rEL

) 2t 9

A () F) S G DL
i=1
—4t2 1—4t? .

+2 ¢ T O(759)

412 -2

x> b frona (PHTTEE ),
k=0

(3.13)

(2" = (5) -+ (*3) o

and (1.8), one can check that the last sum on the right-hand side of (3.13) can be written as

Using

42 -2
a2 41 k+1—4t2 2 g2 t+m t—m _
g E (—1)rq( 2) E (_qu( 2 )t PR o (1T R R )2 (3.15)
reZ k=0

We now let r — 7 — 4¢2 in the first term on the right-hand side of (3.13), apply (3.15) and then
compare coefficients of ™" in the resulting expressions to arrive at the recurrence relation

'~

/ /
ar = Qp_gp2 + b, + ¢, (3.16)
where
412 -2
/ L2 (Th) - Iy 28?2, \ k(P ) k(1)
b, :=q 2 )7 82 8t2 E (=1)%q\ 2
k=0
2424 Hm oy qptom
X fi,26,1(q CRN EER))
and
2
2 a2 Moy 2 2 2
. t4+m 3 i 71+t7'mi7( 2 7’) _ t—m42t—2tm—8t (4t2+t+2m72m-)+t77n722t —2tm

c, = (—I)H'T(q)ooq? 2 812 812
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if r =4t + 5™ — 243, 1 < i < 2¢, and is 0 otherwise. Moreover, using (1.11), (3.1) and Cauchy’s
integral formula applied to (3.12), a short calculation gives

1 at2-1.2 t— m+2t —2tm . ,\+1
o = — g S (1PgCE)
211
ANEZ

2 2
q%+2tns+ %+7t+12+m n+ 7t+127m s

X sg(n, s)(—1)"*s dz
S san)(-1) —
n,s€Z
(3.17)
where the integration is over a closed contour around 0 in C. Thus, as |¢| < 1,
li = 1
Ao =0 (3.18)
Now, observe that (3.16) is equivalent to
ar — Qpygpz = by + ¢ (3.19)
where b, := —b;,+4t2 and ¢, 1= —c’r+4t2. We now claim that
Qr = ng(r, Dby az2- (3:20)
leZ
. L+t—m+2t2—2tmr .
To deduce this, we let o, := ¢3¢ 812 a, and use (3.19) to obtain
o2 t—m+2tZ—2tm 72 t—m2t2_2tm 2 t—m2t2_2tm
o =q " 2 8t2 Qg2 + q882 812 by + q8t2+ 8t? " (3.21)

In fact, we will demonstrate

ﬁ_,’_t m+2t 72tm
ap = qst? E Sg T, l r+4t2l

leZ
which clearly implies (3.20). Let
ar = Z Sg(T’, l)br+4t2l
leZ
and

t=m+2t2—2tm

Q1= qst?Jr 8t2 Qg

Then a, and &, satisfy (3.19) and (3.21), respectively. The former follows from

Ar — Qpygg2 = Z (Sg(?", l) - Sg(’l“ + 4t2al - 1)) br+4t2l
leZ

_ Z Sr+1)—---—68(r+ 4t2)) br1ae2 (3.22)
leZ

=0 — (0(r+ 1)+ +0(r+47) D bn

n=r (mod 4t2)

Z by, = Z (an — Gpigg2 —Cp) = — Z Cn = —Cr (3.23)

n=r (mod 4¢2) n=r (mod 4t2) n=r (mod 4t2)

and
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where we have used (3.18), the definitions of ¢, and ¢, and that —t < m < 3t — 2. Now, since
lim, 4o @ = 0 and lim, o &, = 0, we have

lim (o — &) = 0. (3.24)

r—r00
Finally, we compute

2
~ p2t2 4 tmmA2t—2tm ~
o —ar — ¢ s (g2 — Qpgg2) =0

which in combination with (3.24) implies that o, = &, and so a, = a,. In total,

tf'm+2t2 —2tm

7‘2
o) = Y ()i

rez
, i t=m+2t2—2tm .
= E (—1)rgs e ng (7, )by apzix
re€Z leZ
9 rHat2(I41)+1\_ (r+4t (l+1))2 t—m+2t2—2¢m—8t2 2
g Z s(r, l)(_l)rq( : ) = (r+4t2(1+1))

rl€Z

42 -2

kt+1—4t2 9 2 | t—maot® 2t
X q74t2(r+4t2(l+1)) Z (_1)kq( 2 )+k(r+4t (l+1)+1)+8T2+Wr

k=0
2_4t2+t+7m k1 t—im' _
X f1,2t1(¢ 2 gt )T
4t2 2 k+1 4t
_ 128ttt m k+1 +k+4t%k 2424 M g 14 iem
—q Z ) fze(a A )
v Z sg(r, 1)( +(4t2—1)ri+2t212 (442 1)+ (k+ 3 )r+(t27t’Tm+tm+4t2k)ler
rlEZ
4122 k+1
1-3t2— 1 i k;+1 +k Q424 Hm g jptom
=q 5 ¥R f1 00 (g 2 N2 )
—1 k+1 A2k —t24tm— =1 4 8th |
><f1,4t2—1,4t2(4t2—1)(95 qa ,—q 2 ;).
(3.25)

Thus, (1.13) follows from (1.12), (3.1) and (3.25). We now apply (2.2) and (2.6) to deduce that
f1,2¢,1 is a modular form and (2.3) to obtain that fi 421 42(42—1) is a false theta function. [

For the second case, we begin with the following result.

Proposition 3.2. Fort € N and m € Z, we have
™) (qz;q) = _x174t2qm72t2rH m) (27q) — x174t2+m7tqm72t2 (9)% Z(—l)iq(;)thi
L L O(z;q) &

412 -2

1—4t2 1—412 k_k t—m-+2—4t2+k .
w TGN b fo (g . 4;9)
=0
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and
2t _
~ 2 2 ~ 2 2 S (i .
’Hgm) (q:v;q) _ {L‘_4t qm—2t ’Hgm) (:U;q) + 1,‘_4t +m—tqm—2t (q)io Z(_l)zq(2)x2tz
i=1
42 (3.27)
A2 1—4¢42 _ _A+2
+a O q) Y aF e fran (@ g ).
i=0
Proof. We first compute the sum
- s 1— 1—4t%  (r+1)(1—4t2)
m4t271q2t27mt Z sg(r, S)(_l)rJrsq( ;1)+2trs+( ;1)+(t—m)r L q (328)

1— .’L‘qH'l
r,SEL

in two ways. Expanding the numerator yields

(Tgl)—l—%rs—i- (Sgl) +(t—m)r+(r+1)(1—4t2)+2t2—m

P (qig) = Y sl s) (1)

1 —aqt!
r,SEL q

(3.29)
Taking (r,s) — (r — 1, s+ 2t) in the second sum in (3.29) and using (2.5), (2.6) and (2.8) yields

(7'J2r1)+2trs+ (5§1)+(t7m)7“

=Y sg(r— 1,5+ 20)(—1)+eE

r,8EZL 1- CEqT
(m) TN @)% N~ 1yi (3). 2
- _ . 2 oo —1)¢ i
(3.30)
Alternatively, we use (3.10) to express (3.28) as
422
o2 942
—q" T N b f (TR ). (3.31)
k=0
Combining (3.29)—(3.31) gives us (3.26). Finally, (3.27) follows from (2.7) and (3.26). O
We can now prove our second main result.
Proof of Theorem 1.2. As ﬁgm)(x) = ﬁim)(:p; q) does not have poles, we write
7'2 mnr
1" (@) =Y (~1)gsr i aa (3.32)

reZ
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for all x € C\ {0}. Substituting (3.32) into (3.27), we obtain

mr

72 | mr 2 2 2 | mr
g (—1) g3tz " a2 TaTm_T:m_4t qm_27t E (—I)quﬂ wZqx "

reZ reZ
N ) 2t )
a2 ()3 S (<1 (3.33)
=1
, , 4422 ,
+a g 0 q) Y 2t o (@R g5 ).
k=0

Using (1.8) and (3.14), the last sum on the right-hand side of (3.33) can be written as

412 -2
2 r+1 k+1—4¢2 a2 _ a2 _
¢ ST (1)) ST (kg Ak (g e (3.34)
reZ k=0

We now let  — 7 — 4t? in the first term on the right-hand side of (3.33), apply (3.34) and then
compare coefficients of ™" in the resulting expressions to arrive at the recurrence relation

ar = ap_ygp2 + b+, (3.35)
where
5 4% -2 2
b; _ q1_4t2+(r42-1)_;572—72—[—‘,-7‘(1—4152) Z (—1)kq(k+154t )+k(r+1)f172t’1(qt—m+2—4t2+k7 a:q)
k=0
and
¢ = (_1)i+m+t(q)goqm—2t2+(;)—W—4%(4t2—m+t—2ti)+(4t2—m+t—2tz‘)

if r =4t> —m+t—2ti, 1 <i<2t, and is 0 otherwise. Moreover, a similar computation as in
(3.17) implies
lim a, =0. (3.36)

r—+oo

Now, observe that (3.35) is equivalent to

ar — Qpyg2 = by +¢r (3.37)
where b, := —b’r+4152 and ¢, 1= —c;+4t2. We now claim that
Qr = ng(ﬁ Dby az2- (3.38)
IEZ

T2 mnr
To deduce this, we let o, := ¢52 " 42 a, and use (3.37) to obtain

—r—2t2—m ﬁ_,_m i_i_ﬂ
ar =q Qppgg2 + @32 42 b, 4 @8 T2 ¢y, (3.39)

We will show

ﬁ+m
Qp = @817 " 42 Z Sg(’l“, l)br+4t2l
leZ
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which clearly implies (3.38). Let
ay = ng(r, Db, 442
leZ

and

2

T mnr
N e— 72—"_72”'
Qp = q8t2 " 122 Q.

Then a, and &, satisfy (3.37) and (3.39), respectively, via the same calculation as in (3.22) and
(3.23) where we use (3.36) and 1 —t < m < ¢. In addition,

lim (o, —@&,) =0. (3.40)
r—00
Finally, we observe
ap — Qp — qr+2t2+m (ar—4t2 - dr—4t2) =0

which in combination with (3.40) implies that o, = &, and so a, = a,. In total,

mnr

~ 7‘2
(@) =S (1) g i g

r€Z
7‘2 mnr
= z:(il)TqES?JrF ng(Tvl)br+4t2lx_T
reZ leZ
T 1
_ qlfmf&‘,4 Z Sg(T, l)(_1)rq(2)+(4t2—1)7’l+4t2(4t2—1)(2)+T+(8t4—m)l
rleZ
= k (’““*4’52)% +4t2kl+4t2k+k t 2—4t2+k
x Y (1)l " Fraea (g g q)
k=0
4¢2 -2 it
942 _ A2
— gl Z (_1)k+1q( : )+kf1’2t7l(qt mt2-dttk )
k=0
% Z sg(r, l)(_1)rq(g)+(4t2—l)rl+4t2(4t2—1)(é)+(k:+1)7"+(8t4—m+4t2k)l$fr
rl€Z
4¢2 -2 -
942 3 _ _ A2
= g 2 N (U Ry (g AR g g)
k=0
_ 4_ 2
X f1,4t2—1,4t2(4t2—1)(33 Lghtt —g® k;Q)-

(3.41)
Thus, (1.18) follows from (1.17), (2.9), (2.11), (3.2) and (3.41). We now apply (2.2) and (2.6) to
deduce that fi 21 is a modular form and (2.3) to obtain that f g2 42421y is a false theta
function. g

For the third case, we begin with the following result.
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Proposition 3.3. Fort € N and m € Z, we have

— —At2
/{t’m(qu;q) _ —:El 2tq3 4t 3t+4tm/€tm($;Q)

2t
o2 2_ (% ¢%)3, N o e
2t t+2q4 4t= —4t+4tm ) 2 :( 1)zq( 5 ) 2mz+tz$tz

O(qziq (3.42)

262 -2
1—-2t2 3—6t2 k 3k 2t42—4t2 42k 2m,
-z g > b oo (g N

and

N _ o942 2
Kt,m(q2x;Q) — 2t q2 4t 3t+4tm (x Q)

2t
92 a2 R P
2L A At (2, (2y3 Z(_l)zq( b)) —2mittiti
2t2-2
o2 9 g2 a2
+z 2t q2 6t @(qa:;qQ) Z -qu3kf2,2t,1(q2t+2 4t +2k,q2m;q)_
k=0
Proof. We first compute the sum
2127 o (2r+3)(1-2t%)

221—34234 2 2 2r+2ms L — q
121, —3+4t7 43t tmzsgrs)( 1)r+sq()+ trs+(5)+2tr+2ms T

(3.44)
r,SEZL

in two ways. Expanding the numerator yields

2(5)+2trs+(5)+2tr+2ms—2t2+43t+2r—4t2r—4tm

1— xq2r+3

x2t271q73+4t2+3t74tm/€t7m(qu; Q)— Z sg(r, S)(_l)r+sq
r,SEZL

(3.45)

Taking (r,s) — (r — 1, s+ 2t) in the second sum in (3.45) and using (2.5), (2.6) and (2.8) yields

2(;) +2t7‘s+(;) +2tr+2ms

- Z sg(r—1,s+ 2t)(—1)r+3q

= 1— gg2r+l
r,8
b (3.46)
(ql’)l ! i (5h)—2mitti ti
= —K X, — X .
t,m( 7Q) ql_ q Z
Alternatively, we use
1-2t2_(2r+3)(1-2¢2 222
1 — gl =27 Cre3)(1-26 _ 122 (2r+3)(1-217) Z b (2r+3)k
1— 2g2+3 q q
k=0
to express (3.44) as
2t2 -2
942 _ _A42
—q 2t +-3t—4tm Z xkq3kf2,2t,1(q2t+2 4t +2k’q2m;q)' (347)
k=0

Combining (3.45)—(3.47) gives us (3.42). Finally, (3.43) follows from (2.7) and (3.42). O
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We can now prove our third result.

Proof of Theorem 1.3. As k¢ m(x) = Rem(z;q) does not have poles, we write

2 26224 3t—dtm
fitm(x) =) (—1)"q2 T aa (3.48)
r€Z

for all x € C\ {0}. Substituting (3.48) into (3.43), we obtain

Z(_l)rq;%—%#r—%“arxfr _ x72t2q274t273t+4tm Z(_l)rq%—ﬁ_gg#rarxfr
rez rez
2t -
—9t2_ _ 442 _ . (1 _ — .
g2t At dtm 2, 23 Z(_l)zq( b)) —2mittiti
i=1
212 -2
—_9¢2 9_6t2 _A42
T+ 2t q2 6t @(ql_;q2) Z l‘kq3kf2,2t,l(q2t+2 4t +2k7q2m;q).
k=0
(3.49)
Using (1.8) and (3.14), the last sum on the right-hand side of (3.49) can be written as
2 4 2 2 2t2_2 2 2 2
q2—6t +4t Z(_l)rqr —4tr Z (_1)qu +3k+2rk—4t kf2,2t,1(q2t+2+(2r_4t )k’qu;q)x—r' (3'50)
rEL k=0

We now let r — 7 — 2t2 in the first term on the right-hand side of (3.49), apply (3.50) and then
compare coefficients of ™" in the resulting expressions to arrive at the recurrence relation

/ /
ar = Qp_gp2 + b, + ¢, (3.51)
where
2 2t2_9243t-4
b; — q2+4t476t2+r274t27“7;?+$r+2r
212 -2
Z k _k2+43k+(2r—4t2)k 2+2—4t24+2k  2m.
X (71) q ( ) f2,2t,1(q ,q aQ)

k=0

and

. 2, 4 2 2
¢ > q3—4t2—4t+4tm+(1§1)—2mi+ti— (2t e t)” 4 6t —2EGAm (242 41— 1—ti)
’ o0

ifr =224+t —1—ti, 1 <i <2t and is 0 otherwise. Moreover, a similar computation as in
(3.17) implies

/. (_1)i+t+ti+1(

Cpt

TEI:EIOO ar = 0. (3.52)
Now, observe that (3.51) is equivalent to
a7 — apyo = be + ¢, (3.53)
where b, := —b;+2t2 and ¢, 1= —c/r+2t2. We now claim that
ar = Z sg(r, )by 122 (3.54)

leZ
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r2  2t2_243t—4tm

To deduce this, we let . := q22~ 2¢2 "a, and use (3.53) to obtain
2 26294 3t—4tm 2 26294 3t—dtm
ay = q_QT_2+3t_4tmar+2t2 + q2t2 212 br + q2t2 202 T'CT‘ (355)

We will show

r2 22— 2+3t atm .
ar = g2 "D se(r Dby oz
lez
which clearly implies (3.54). Let

ar = Z sg(r, l)br+2t21
lEZ

and

72 242 243t—dtm

dr = q2z2 2t2 ar_
Then a, and &, satisfy (3.51) and (3.55), respectively, via the same calculation as in (3.22) and
(3.23) with 7 + 4t% and r + 4t2] replaced with 7 + 2¢2 and r + 2t%[, respectively, and (3.52). So,
lim (o, —@&,) =0. (3.56)

r—00
Finally, we observe
2r+2—3t-+4tm ~ -
(ar—2t2 - ar—2t2) =0

which in combination with (3.56) implies that «, = @&, and so a, = a,. In total,

Qp — Qp — q

2 2t2_9243t—d4tm

Rem(@) =Y (1)@~ 2 Taa”

reZ
r2  2t2_943t—dtm atm,. .

=3 (=172 2" sg(r Dbgae

reZ IEZ

2 2
R W r(r2t2(141))2 =482 (r4-262 (141)) — L2 0EL)T
=q > sg(r,)(—-1)"g 2
rl€Z
5 2t2-2 9
y qw(r+2t2(l+1))+2(7“+2t2(l+1)) Z (_1)k+1qk2+3k+(2(r+2t2(l+1))—4t2)k+;—2
k=0
2t2 24 3t—4atm 2
e 244+2—4t24+2k 2m.
X q 212 fa,201(q )
262 -2
—2t2+3t 4tm Z k+1 k2+3kf 0.0t ( 2t4+2—4t2 42k q2m,q)
b )
% Z sg(r,1)(=1)"q" 24 (442 -2)rl+2t212 (2¢2 — 1)+ 2kr+ (462 k+2t% -2+ 3t — dtm)l .—r
rlEZ
2622
—2t2+3t 4tm Z k+1 k:2+3kf ( 2t4+2—4t2 42k qu'q)
b )
—1 2k+1 A2 k—24-3t—4tm+4tt, 2
X f1,2t2—1,2t2(2t2—1)($ q y =4 $q°).

(3.57)
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Thus, (1.23) follows from (1.22), (2.10), (2.12), (3.3) and (3.57). We now apply (2.2) and (2.6)
to deduce that fa ;1 is a modular form and (2.3) to obtain that f; 92 22(22—1) is a false theta
function. 0

For our last case, we start with the following result.

Proposition 3.4. Fort € N and m € Z, we have

42 (m—1)(2t—
Prm(qw; q) = —2' gDy, (a5 9)
3 .
gl —t=metl  (m=1)(2t-1) (@5 (—1)° (5 —i(t+m) 2t
— q 2 €
O(x;q) ; (3.58)
, 24752—2 ,
_ gl Z xqufl’2t’1(qt+m+l—4t +hgtrm. o)
k=0
and
Brm(qr;q) = x4 gD, (a1 q)
2t ,
+ x—4t2—t—m+1q(m—1)(2t—1) (q)io Z(_l)iq(l‘gl)_z(t—km)x%z
i (3.59)
4¢2 -2

—4¢2 1 4t2 k t+m+1—4t2+k t+m.
+x O(z;q) E %" f1001(q M q).

Proof. We first compute the sum

- R 1 _ pl—4t? o (r+1)(1-4t2)
$4t2_1q—(m—1)(2t—1) Z sg(r, s)(_1)T’+sq(2)+2trs+(2)+(t+m)(r+s) x — Z,qr_i,_l

(3.60)
r,SEL

in two ways. Expanding the numerator yields

21 —(m— _
2 g DRy, (g g)— Y sg(r ) (1)
r,SEZL
q(;)+2trs+(;)+(t+m+1—4t2)r+(t+m)s—(m—1)(2t—1)+1—4t2
X

1— a:q’”‘*‘l
(3.61)
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Taking (r,s) — (r — 1, s+ 2t) in the second sum in (3.61) and using (2.5), (2.6) and (2.8) leads
to

q(;)+2trs+(§)+(t+m)r+(t+m)s
— Z sg(r — 1,8 +2t)(—1)"**

r,SEZL 1- rq
q( )+2trs+( ) (t+m)r+(t+m)s 1 ) ( )+(t+m)
== 3 sg(rs)(—1) S (-1)%g
r,SEZL 1- g’ l—w SEZ
(3.62)
2t q( )=2tri+ ("5 +(t+m)r—(t+m)i
-2 (- e
=1 rez q
= pnlaa) — T O Sy ()t
- R AT
Or;q) =
Alternatively, we use (3.10) to express (3.60) as
4t2 -2
_ qf(mfl)(2t71)+1f4t2 Z Z sg(r, s)(—1)"+ ( )42trs+(5)+(t+m) (r+s)+r(1—4t2+k)
r,SEL
3.63
4t2-2 ( )
2 A2
=—q —(m—1)(2t—1)+1—4¢ Z LL”kq fl 2t1 t+m+1 4t +k’qt+m;q).

Combining (3.61)—(3.63) gives us (3.58). Finally, (3.59) follows from (2.7), (3.4) and (3.58). O
We can now prove our final result.

Proof of Theorem 1.4. As pym(z) = prm(x;q) does not have poles, we write

2 | 224 (m—1)(2t—1)
Prm(z) =Y (—D)'gs2t ™ @ Taa (3.64)
rez

for all x € C\ {0}. Substituting (3.64) into (3.59), we obtain

r2 | 224 (m-1)(2t—1) r2 | 2624 (m—1)(2t—1)
D S

rez reZ
2t _
+:L,—4t2+1—t—mq(m—1)(2t—1)(q)go Z(_l)iq(zgl),(wm)z’x%i
i=1
a1 g O (a; q)
4122 ,
% Z xquf172t71(qt+m+l—4t +k’7qt+m; q).
k=0
(3.65)
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Using (1.8) and (3.14), the last sum on the right-hand side of (3.65) can be written as

4122
2 re1 k+1—4t2 2 442 _
ql 4t § :(_1)rq( 5 ) § :(_1)kq( 2 )—i—r(k’ 4t )+kf172t,1(qt+m+1 4t +k7qt+m;q)x T (366)
reZ k=0

We now let r — r — 4t2 in the first term on the right-hand side of (3.65), apply (3.66) and then
compare coefficients of 7" in the resulting expressions to arrive at the recurrence relation

/ /
Gr = Qp_ygg2 + b'r +c,

where
42 -2
2 2 C1y_as2 2
Yo q1_4t2+(r<51)_8r?_2t +(m 14)»5(2% D—4t” . 442y (_1)kq(k+1;4t )+k(r+1)
- E
k=0
t+m+1—4t2+k  t+m,
x f12t1(q ¢ q)
and

i1 (At —14ttm—2t)2 2624 (m—1)(2t—1)—4t?
3 q(mfl)(2t71)+(; )= (t+m)i— - Lo L L

(482 —1+t+m—2t5)
s

C,r = (_1)i+1+t+m(

ifr=t+m—1-—2ti, 1 <i< 2t and is 0 otherwise. As before, we have

ar =Y sg(r, Db,

€7
where b, := =0/, +ap2 and so in total
2 224 (m—1)(2t—1)
ﬁt,m($) = Z(_l)rqgﬂ RE—F 77’ar$—r

reZ
2624 (m—1)(2t—1)

r2
=Y (hrgsE T Y sg(r Dby

rez lez
2 a2 k1 2
A2 —(m— _ k _
— g (m—1)(2t—1) Z (_1)k+1q( SO+ f1’2t’1(qt+m+1 4t +k7qt+m;q)
k=0
X Z sg(r l)(_1)rq§+(4t2—1)rz+2t2z2(4t2—1)+(k+§)r+(—(m—1)(2t—1)+4t2k)1x—r
9
rl€Z
, 4t2 -2 it ,
A2 —(m— _ k _
— g (m—1)(2t—1) Z (_1)k+1q( SO+ f1’2t71(qt+m+l 4t ¢ ™ q)
k=0

— 4_ 942 _ _ 2
% f1,4t271,4t2(4t271) (ZC lqk—i-l’ _q8t 2t2—(m—1)(2t—1)+4t k; Q)-
(3.67)

Thus, (1.28) follows from (1.27), (3.4) and (3.67). We now apply (2.2) and (2.6) to deduce that
f1,2¢,1 s a modular form and (2.3) to obtain that fi 421 42(42-1) is a false theta function. [
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4. APPLICATIONS

4.1. Recovering (1.9). We set t = m = 1 in Theorem 1.1 to obtain

(1—x) ¢!

MWy
U9 = ) 0L

<f1,2,1(q_17 4:9) fr312(7 g, =% q)
(4.1)

+ @ fi21(1,q:9) fizn2(x ', 0% 9) — ¢ fr21(a,4:9) fi312(x g, — ¢ Q)> .

Using [13, Eq. (1.7)] and (2.7), one can show that f121(¢71,¢;9) = —q(9)%, fi21(1,¢;q9) =0

and f121(q,¢;9) = (¢)%, and so (4.1) becomes
1—=x
UM (;q) = g(% qg <f1 512270, —¢% q) — ¢ frsa2(a ', *qm;q))- (4.2)

By (1.6), (1.8), (2.3), (2.7), the quintuple product identity

E(3k—1) B
d g7 21— adb) = (¢,7,0/7)00 (9%, 427 ¢)oo, (4.3)
kEZ

(4.2) and some simplifications, we have

1 r r r(3r+1) - 1 r r r(3r+1) r
U (wiq) = (1 - 2) ( Y ag T (1= =Y (-1 2 (1-aPg)

11 4+2t. 8
_ 1 Z( 1)tx q( )@(q C.(I )@(8(] + 4 ) ng(r)(q18+3tx12)rq36(T;1)> )
q 4 )Oo reZ

(4.4)
For ¢ even, one of the theta functions in the numerator of the third term on the right-hand side
of (4.4) is zero. Thus, it suffices to consider ¢t odd. There are two steps. We first replace ¢ with

4t +1 and let 0 < ¢t < 2 in the third term on the right-hand side of (4.4). This eventually yields

Z sg(k)z 4 2k+1). (4.5)

2(2)o0(q/7) 0 C]/l” =

Next, we replace t with 4¢+3 and let 0 < ¢ < 2 in the third term on the right-hand side of (4.4).
This gives

_ 2k+2
- q/x ng 4kq ). (4.6)
keZ
Combining (4.5) and (4.6), performing the shift &k — —k — 1 and using sg(—k — 1) = —sg(k)
leads to
e 2 (- DFsa(k)ae3). (47)

2(2)oe (/)00 22
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Now, after inserting (4.7) into (4.4), using (1.6) and rearranging terms, we have

r 3 r(3r+1) r 1 r 3 r(3r+1) r
Ul(l)(x§q) =(1-ua) <Z(_1) 3 qg 2z (1- x2q2 +1) _ 72(_1) 3 qg 2z (1- m2q2 +1)

2
>0 rez

x k1 x k1

4+ - Z(_l)k$2kq( S ) e Z(_l)k$2kq( 5 )) )

(2)ecla/ )0 2 2(w)oe(4/7)e 22

(4.8)

Applying (1.8) twice, then (2.7) and (4.3) to the second sum on the right-hand side of (4.8)
implies

r(or 2.
Z(il)r:p&"q (32+1) (1 o $2q2r+1) — l‘_l (Q)OOG(Qj 7Q) (49)
= O(z;q)

while (1.8) and (2.7) yield

S (- 1Rt = e (e g). (4.10)
keZ

Thus, (1.9) follows from (4.8)—(4.10) and then replacing = with —z.

4.2. Recovering (1.14). We first set t = m = 1 in Theorem 1.2, then use [13, Eq. (1.7)] and
(2.7) to deduce that f121(¢7%,¢,9) = —¢*(0)%, fr2a(a™ " ¢:0) = —4(@)5 and fi121(1,¢:¢) =0
in order to obtain

W () = —(x)(i(_q/i?)oo + (@1(;9(3 (fl,g,u(x_lq, —~q";9) + fi312(zq, —q"; q)

—qfiz12(7 % 4" ) — af1312(2¢?, —q'; q)) :

(4.11)
By (2.3), (4.3) and some simplifications, we have

hisa2(rg, =" 0) — afrs2(2g®, —¢" 1 q)

_ S(id) (—z_l S sa(r) (1) eSS e~y g 1)—r>

2
reZ reZ

11
1 O(q!; MO (g2 ¢ it
+ = E (_1)tqu(§) (g qs.) 8(61 q°) Sg(r)(q715+3tx12>rq36( il

2 t:O (q 7q )OO TGZ

(4.12)
We now let » — —r — 1 in each of the first two terms on the right-hand side of (4.12), use
sg(—r — 1) = —sg(r) and simplify to obtain

- D S a1y a1 g ), (4.13)
reZ

For t odd, one of the theta functions in the numerator of the third term on the right-hand side
of (4.12) is zero. Thus, it suffices to consider ¢ even. There are two steps. We first replace ¢ with
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4t and let 0 < ¢t < 2 in the third term on the right-hand side of (4.12). This eventually yields

(q;oo Z Sg(k)x%q(%;l). (4.14)

kEZ
Next, we replace t with 4¢ + 2 and let 0 < ¢ < 2 in the third term on the right-hand side of
(4.12). This gives
(@)so Z g2 (352 (4.15)
kEZ
We now insert the sum of (4.14) and (4.15) along with (4.13) into (4.12) to obtain

fr312(20, =45 0) = afi3.12(20%, =45 0)
Oz (r+1)(3r+2) .
— _Mng(r)(—l)rm?arﬂq SR 4z (@)oo Z gy (1),

: rEZ kEZ
(4.16)

A similar computation yields
fiza2@q.—q"0) — afisie(@ ' —q" 5 q)
O(z;q) 3p rBr=1) (9)o k2K (1) (4.17)
= =5 Y s (L ag) + 202 Y sp(k)(-1)Fa ),

rEZ kEZ

After combining (4.16) and (4.17), (4.11), using (1.6) and rearranging terms, we have

W (2 0) = _M 1— _ 1)l (r+1)(3r+2) 1 41
r(3r—1)

(r+1)(3r+2)
+ 23 (T (L) + Y (-1 T (Lt e
reZ r>0

2
ISy gy T ST (Cayag(E)
! N a2 !

(4.18)

__1+a b2k (V50)
Sl 2 )

X kez

Applying (1.8) twice, then (4.3) to each of the second and fourth sums and (1.8) to the sixth sum
on the right-hand side of (4.18), then using (2.7) and cancelling the resulting theta functions
leads to

(-2 Y T e e g+l
Dt/ U )< > (1) q (1+2¢"")

r>0

+Z ) 23T = 1)(1—l—a:q )+ 1+x2) Z( 1)kx2kq(k+l>>.

>0 (%)oo (9/)oc k>0

Wit (z;q) =
(4.19)
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Finally, we shift » — r — 1 in the first sum, remove the r = 0 term from the second sum and the
k = 0 term from the third sum on the right-hand side of (4.19). In total, we have

W (wg) = - (1 (1 tat (14223 (-1 2T (1t aq)

(7)o0(q/7) o0 >1

1+ 22 1+ 2? k 2k ()
T @@/ | @)ool@/T)oe ;( e )

which is (1.14) after simplification.

4.3. Recovering (1.19). We first set ¢t = m = 1 in Theorem 1.3, then use [21, Corollary 3.11]
to deduce that fa21(1,¢%q) = —¢*(q)s(¢%; ¢*) in order to obtain

1 1 1
VO (g:q) = — ) . — g, -¢d?)) . (4.20
V(23 q) T2 @(_q;q2)f1,1,2( 4 —4:9°) G)(qx;qQ)J”1,1,2(9C 4 —4:9°) (4.20)
By (2.3) and some simplifications, we have
q q 'f‘ _r 7‘+1
frag(—a. - %) = > sg(r Z sg(r
rel reZ (421)

=0(—-q¢;¢*)

where in (4.21) the first sum is 2 while the second sum is 0 after letting » — —r — 1 and using
that sg(—r — 1) = —sg(r). Similarly, one can check that

_ q q 2_ r4+1
fiiaee, ¢ ¢%) > sg(r)(—1)a"q" T ng yrar i),

rez reZ
(4.22)

By (1.6), (4.20)—(4.22) and rearranging terms, we have

Vl(l)(x;q):_l—il_x<1_2( 17”7"r77‘+ Z rrr

r>0 TGZ

(4.23)

O aY) (1) OCE) e (1)
O(qr; ¢?) g( Y 1 * 20(qx; ¢?) TEZ; b q :

Finally, we apply (1.8) to the second and fourth sums, cancel the resulting theta functions,
remove the r = 0 term and then perform the shift  — r 4+ 1 in the first sum on the right-hand
side of (4.23). In total,

1 r+l
V(l) q) = — _1)yrtirtl r(r+1) 7" 7"+1 )
Vi = (S e }g

which is (1.19) after simplification.
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4.4. Recovering (1.24). We first set t = m = 1 in Theorem 1.4, then use [13, Eq. (1.7)] and
(2.7) to deduce that fi21(q7% % ¢*) = 0, fi21(1,¢% %) = ¢*(¢* ¢*)% and fi2.1(¢% ¢% ) =
(¢%;¢®)%, in order to obtain

Ogl)@; q) = m(ﬁ,&m(l’*lqg, —QZO; q2) - q4f1,3712(£c*1q5, —q28; q2)> (4.24)

By (1.8), (2.3), (2.7) and (4.3) and some simplifications, we have
fraae(@'d®, =07 ¢%) — ' fiza2(@7'd’, —a* %)

—1@ Ta: 2
_q (2 q;9 ) ZSg(r)(_l)rx3r+1q3r2+2r(1 + $q2r+1)
reZ (425)
4, 8 16+4
4z Z t ¢ t2+2t@(q s 7(116)@1((? +t ng —12rq6tr+36r2‘
(4"%¢'%)oo =

For t even, one of the theta functions in the numerator of the second term on the right-hand
side of (4.25) is zero. Thus, it suffices to consider ¢t odd. There are two steps. We first replace ¢
with 4¢4+1 and let 0 < ¢ < 2 in the second term on the right-hand side of (4.25). This eventually

yields
-1

qg T q q OOZ o4k 22k+1)
sg(k . (4.26)
keZ
Next, we replace t with 4t + 3 and let 0 < ¢ < 2 in the third term on the right-hand side of
(4.25). This gives

—lp=1(
N q 7 oo ng —4k 2 2(2’”2)' (4'27)
kEZ
We now combine (4.26) and (4.27), perform the shift £ — —k—1 and use that sg(—k—1) = —sg(k)
to obtain

q 7)o Z 1)k 2+1 2("h)
sg(k q . (4.28)
kEZ
Now, after inserting (4.28) into (4.25), (4.24), using (1.6) and rearranging terms, we have
Ogl)( _ - <22 r 3r+1 37" +27"(1 + wq2r+1) Z(_l)rx3r+1q3r2+2r(1 + xq2r+1)>
r>0 reL
(@°¢%) k,2k+1 2(*T) ke, 2k+1 2(F3)
o) (9N~ (g 2) =S (—1 ) .
b A (53t ) Sttty
k>0 kEZ
(4.29)
Note that two applications of (1.8) followed by (4.3) implies
O(—xq: 2 [e) 2. 4. .4
Z(_l)rz3r+lq37‘2+2r(1+$q2r+1) — ( 33(],6]4) (%" q") (4.30)
= (4% ¢

while (1.8) yields

SR = 20 (a2 ). (4.31)
kEZ
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Thus, (1.24) follows from (4.29)—-(4.31), cancelling the theta functions and then replacing = with
—x.

5. CONCLUDING REMARKS

First, Kim and Lovejoy [16] also consider unimodal sequences where _ b; is a partition into
parts at most ¢ — k where k is the size of the Durfee square of the partition ) a;. Let V(m,n)
denote the number of such sequences of weight n and rank m and consider its generating function

[16, Eq. (3.1)]
= m,n)x"q" = ((17”(]
— ;V( ,n)z"q ;(xq)n(q/$)n
mez

which satisfies the partial theta function identity [2], [4, Entry 6.6.1]

n+1) n

V(l‘q 1—l' annn-i-l

n>0

for = # 0 and the Hecke-Appell type expansion [16, Eq. (3.3)]

V(z;q) = 1_33 -

r,s>0  7,5<0

Zx3n+1 n(3n+2) (1 _ :L,q2n+1) (51)

q/x n>0

(—1)" q()+3rs+6(; )+2r+53(1 gy

2
T (5.2)

Fort, meZ witht > 1, 0 < m < 3t — 1, consider the generalization
gt,m (xQ q)

-(2-%

r,s>0  r,s<0

(_1)7~q(g)+3trs+3t(3t—1)(;)+(m+1)r+((3;)+3t—1)s(1 _ q(3t—2m)7’+2(3t2_1)s+(3t2_1))

1—xq"

(5.3)

and
(1—=)
(@)%
By (5.2)—(5.4), Vl(l)(m;q) = V(z;q). A similar argument as in the proofs of Theorems 1.1-1.4

shows that Vt(m) (x; q) is a sum of mixed false theta series, the triple sums appearing in [19] and a
modular form. Unfortunately, it is not clear how the ¢ = m = 1 case of this result recovers (5.1).
Second, it would be worthwhile to investigate the similarities between Theorems 1.1 and 1.4
and Warnaar’s generalizations of (1.9) and (1.24) (see [26, Theorem 1.4, Theorem 7.1]). Finally,
given that false theta functions are examples of quantum modular forms [12, Section 4.4], it
would highly desirable to determine whether Theorems 1.1-1.4 lead to the construction of new
families of quantum Jacobi forms in the spirit of [11].

V" (w;q) =

I m(x Q) (54)
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