GENERALIZED RANK DEVIATIONS FOR OVERPARTITIONS

KEVIN ALLEN, ROBERT OSBURN, AND MATTHIAS STORZER

ABSTRACT. We prove formulas for generalized rank deviations for overpartitions. These formulas
are in terms of Appell-Lerch series and sums of quotients of theta functions and extend work of
Lovejoy and the second author. As an application, we compute a dissection.

1. INTRODUCTION

A partition of a natural number n is a non-increasing sequence of positive integers whose sum
is n. An overpartition of n is a partition in which the first occurrence of each distinct part may
be overlined. For example, the partitions and overpartitions of 4 are

4,3+1,24+2,2+1+1,1+1+1+1
and B _ o 7 7 7
4,4, 34+1,34+1,3+1,3+1,2+2,24+22+1+1,2+1+1,2+1+1,
241+1,1+14+1+1,1T+1+1+1,

respectively. For a curated survey which highlights the importance of overpartitions in g¢-series,
number theory and algebraic combinatorics, see [7]. The rank of a partition A is the largest part
£()\) minus the number of parts #(\). For overpartitions, one can consider two statistics, the rank
or the My-rank which is defined by [14]

o(m)

My-rank (1) = {21 — #(m) + #(70) — x(7)

where 7, is the subpartition consisting of the odd non-overlined parts and
x(m) := x(the largest part of 7 is odd and non-overlined).

Throughout, we use the standard notation x(X) := 1 if X is true and 0 if X is false. A recent
topic of interest for these combinatorial objects and their enumerative data is the study of rank
deviations [11,15]. For integers 0 < a < M where M > 2, consider

D(a, M):=_ (N(a, M, n) — ”5\4’”) " (1.1)

n>0
and

Dy(a, M) := Z(Ng(a, M,n) — pf\?) q" (1.2)

n>0
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where N (a, M, n) denotes the number of overpartitions of n with rank congruent to a modulo M,
Ns(a, M,n) denotes the number of overpartitions of n with My-rank congruent to a modulo M
and p(n) is the number of overpartitions of n. Some impetuses for finding explicit formulas
for the rank deviations (1.1) and (1.2) are to correct the literature [15, Remark 1.6], provide a
general framework in which one can recover all known rank difference identities for overpartitions
[15, Section 4] and prove the modularity of rank generating functions in arithmetic progressions
(e.g., [11, Section 7]) thereby generalizing [6,8,16].
For an integer d > 1, consider the generating function

Oulzzq) = 1 (1 poy o2l 1><—1_>;qn2+dn>

(@)oo 1—zq J(1 =z~ 1gdn)

B n>1 (13)
=: Z Ng(m,n)z"™
meZ
n>0
where
o
(x)oo = (x§Q)oo = H(l - qu)'

k=0

The d = 1 case of (1.3) gives the two-variable generating function for the rank for overparti-
tions [13] while the d = 2 case yields the two-variable generating function for the Mpy-rank for
overpartitions [14]. The mock and quantum modular properties of (1.3) were the focus of [9,12].
Motivated by [9,12,15], our aim is to find explicit formulas for the generalized rank deviations for
overpartitions

Da(a, M) = (Nd(a, M,n) — p;\?) " (1.4)
n>0
where

Na(a,M,n):= Y Ng(k,n). (1.5)
k=a (mod M)
To state our main results, we require some setup. Consider the Appell-Lerch series

—1)" (;)zr
m(x,q,z) = - ! Z( D qf . (1.6)

i(z9) S 1= ez

Here, z, ¢ and z are non-zero complex numbers with |¢| < 1, neither z nor zz is an integral power
of ¢ and

n

§(20) = (2)oo(a/2)s0(@oo = > (~1)"q(2) 2", (1.7)

nez
Let
A(x, 21, 20;9) == - 20J75(21/2039)] (mozlaq}. (1.8)
J(2059)7 (215 )7 (7205 ¢)j (w215 q)
and

ijzk+1J22 n—1 q(t;rl)Jrkt(_Z)tj(_q(n;rl)+nk+m(_z)n/2/’ qnt(xz)nzl; qn2)
i(z)i (2507 &= (=g R (—aynzr, gt (zz)n; gn®)

\IJZ(:L'? 2 Z,; Q) =
(1.9)
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where Jp, = (¢"™;¢™)o and j(21,292;q) := j(21;9)j(22;q). We use the term “generic” to mean
that the parameters do not cause poles in the Appell-Lerch series or in the quotients of theta
functions. Finally, for odd d > 1 and generic z, 29 and 2’ € C*, let

d+1 (d=1%2 g1

Ad 2 20,2') = (<1) 5 q 727 (W (7 20,5 %)
2
d 1 1
chth (G2 i T 20 0?)).
(1.10)

Here and throughout, (3; denotes a primitive root of unity of order M.

Theorem 1.1. Let d > 1 be an odd integer and 2 < a < M. For generic 2', 2" and zy € C*, we
have the following generating functions:
(i) If a and M are even, then
Dy(a, M)+ Dgy(a—1,M) = x(a = M)

2 M M2 aM 4 M1 g2) M2

+2(=1)3q~ T (-1 T g @7,
—Rgs (—d? 2
- 2q \1122_1((] ,—1,2’ yq ) (111)
2
M
+ MZ(IW ( C] ) (d <M7Z07 1)
j=1 *
(ii) If a is even and M is odd, then
Da(a, M) + Da(a — 1, M) = 2(—1)3q P (MM, 282007 )
+ 2(_1)7M+217a q7d2(M+217a)2m(qd2M(a71), q2d2M27 Z//)

2

J— 2\112]\1 a( d25 _17 Z,; q2d2) + 2q}%+17a (qu’ _17 Z”; q2d ) (112)
2
Z C 1 - CM <d7 C]jwuz(% _1)

(iit) If a is odd and M is odd, then
Dy(a,M)+ Dy(a—1,M) = x(a = M)

o) g 2
+oo(— 1) PO (M (e M1) 2dM? oy
) (1.13)
- 2\1/1@ (qd27 _17 Z/; q2d2) + 2\:[]]%% (qd27 _17 Z”; q2d )
9 M-1 ' 4 '
+ D G (L= A, Gy 20, - 1):
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Theorem 1.2. Let d > 2 be an even integer and 1 < a < M — 1. For generic 2, 2" € C*, we
have the generating function

mn Y a 2(12 2 o
Dy(a,M)+ Dg(la—1,M) = x(a=1) +2(_1)%q7d7m((—1)1+wq7(M2 2Ma) s ’Z/)

+ 2(_1)%(a71)+1q7§(a272a+1) (( 1)1+MQT(M2 2M (a— 1)),qd2g{2’z//)

a2

2 2
+ 20M((—1)2 g ,—1z ¢T) - 2UM  (“1)FFgT 1, )

24

2 g a2 d 25
1)2¢ ZC” Y- GV Caa g, 147,

_|_ -
(1.14)

Remark 1.3. As discussed in Section 4, there is no loss in generality in computing pairs of
deviations. Theorems 1.1 and 1.2 can be used to find a formula for any single Dy(a, M).

Remark 1.4. From [12, page 1154] and (1.5), we have
Ny(a, M,n) = Ny(M — a, M,n)
and so by (1.4)
Dy(a, M) = Dy(M — a, M). (1.15)
If d and a are odd and M is even, then Dy(a, M)+ Dgy(a—1, M) is computed from Theorem 1.1 (i)
using the fact that
Dy(a, M)+ Dgy(a—1,M) = Dg(M —a+1,M) + Dyg(M — a, M)
which follows from (1.15).
Remark 1.5. Let n € Z. If we take d = 1 and zy = —1 in Theorem 1.1 and use
j(q";q) =0, (1.16)

then one recovers [15, Theorem 1.1]. If we let d = 2 in Theorem 1.2 and employ [10, Egs. (2.2a)
and (2.2b)]

i(q"eq) = (=1)"q B2 (x;) (1.17)
and

j(w5q) = jla/x;q) = —xj(x™ "5 q), (1.18)
then we obtain [15, Theorem 1.2].

The paper is organized as follows. In Section 2, we recall the required background on Appell-
Lerch series and prove two crucial formulas (see Proposition 2.4) which express a normalized
version of Oy(z;¢q) in terms of Appell-Lerch series and (1.10) if d is odd and in terms of Appell-
Lerch series and (1.9) if d is even. We also give some other key properties of (1.7) and establish
3-dissections of certain eta quotients, both of which will be beneficial in Section 5. In Section 3,
we prove Theorems 1.1 and 1.2. In Section 4, we clarify Remark 1.3. In Section 5, we provide an
application of Theorem 1.1 by computing the 3-dissection of O3({3;¢q) (cf. [12, Theorem 1.3]).

Finally, we comment that the combinatorial interpretation of Ng(m,n) involves a certain
weighted count of buffered Frobenius representations [17, Theorem 1.3]. It is still an open problem
to find a proper combinatorial definition of the “My-rank” for overparitions [17, Section 6].
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2. PRELIMINARIES

2.1. Appell-Lerch series and Sy(z;q). We first state two key results concerning Appell-Lerch
series. The first relates two such series with different generic parameters z; and zy [10, Theo-
rem 3.3] while the second is an orthogonality result [10, Theorem 3.9]. Recall (1.6), (1.8) and
(1.9).

Lemma 2.1. For generic x, zg and z; € C*,

m(xvc_IaZl)_m(xquZO) :A(xvzlazO;Q)' (21)
Lemma 2.2. Let n and k be integers with 0 < k < n. Then
n—1
> G mGasa.2) = ng () (ma)m(—B) T () ¢ ) 4 00 2 ). (2.2)
t=0
We also require [10, Egs. (3.2b), (3.2e) and (3.3)]
m(z,q,2) =2 'm(a™", q,270), (2.3)
m(x7Q7 Z) = xil - J"ilm(qx7Q7 Z)a (24)
1
m(Qv q27 _1) = 5 (25)
and [10, Eq. (4.7)]
1 (—1)nqn2+n -1 -2 2
=— . 2.6
In addition, we often use the following well-known fact. Let s € Z. Then
n—1 . .
ZC}?: n 1f3:9 (mod n), 2.7)
= 0 otherwise.

To explicitly compute the generalized rank deviations (1.4), we use the following formula. As the
proof is similar to that of [15, Proposition 2.3], we omit it. Let

Sa(z;q) = (14 2)O0a(2; ). (2.8)
Proposition 2.3. We have
M—-1
1 —aj g (- o) o
37 2 Sar’Sa(Giyi0) = Da(a, M) + Dya — 1, M). (2.9)
j=1

We now need to express Sq(z;¢q) in terms of Appell-Lerch series and sums of theta quotients.
Recall (1.10).

Proposition 2.4. Let z, zg and 2’ € C* be generic. For d odd, we have
Sa(z10) = (1= 2) (1= 2m(="2", ", 2') + 20(d, 2, 20,2')) . (2.10)

For d even, we have

2 42

Su(ziq) = (1-2) (—1 om((~)# g 5 )+ 2(<1)

[NlIsH

_d?
4

d
2 TUE (zag g, Z';q2)>~ (2.11)
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Proof. By (1.3), the fact that

1 _ —22 N 1
=™ —= ™) =)=z (=21 1q")
and some simplifications, we have

1—2 2z (—1)”q”2+dn
Oulz;q) = 1 . 2.12
a(z39) 1+Z< +j(q;q2)z 1 — zqdn (2:12)
nez
For d odd, we let n — n — %= in (2.12) to obtain

1 9 ( 1)% 7(d—41)27% ( 1)n n2+n

Oal=:9) = 1+ 1 T |- (2.13)
+ 2 j((L q ) nez 1— qunfT
An application of
d—1
1 1 1
== (2.14)
1— 24 dt:olicflx

0 (2.13) yields

d-1 d-1
1—2 2(-1) 2 g T T
Ou(z;q) = 1 (=)

n2+n
e dj(a; ¢%) 2.2 ' (2.15)

—d=1y
=0 nez 1 — Cdqu 2 T

Taking x = (flzéq_% in (2.6) turns (2.15) into

d—1 _ (d—1)2

1 d-1
1—=z 22(—1) 2 q 4 z74d _ _op _2 1 _d-1
Od(z;q):1+z 1-— (=1) d ZC tm(Cd2tZ dqd,q2»fctlqu 2)
t=0

(2.16)

We now let z = Cd_%zfqu, q—¢*>and z; = Cflzéqf% in (2.1) to express (2.16) as
-1 _[d-1% 1 /41
. 1—2z 22(-1) 2z ¢ 7 z74d s Zop _2 4 9
Od(27Q)_1+2<1_ d ;Cd m(Cd z dq7Q7Z0)

2 1 _d—1
+) AT gt (g T 2047)
t=

(2.17)
Fmally, we apply (2.2) withn =d, k = %, q—¢*>andz = zfqu to (2.17), simplify and appeal
to (1.10). By (2.8), this yields (2 10).
For d even, we let n — n — ¢ in (2.12) to obtain
d d?
1-— 2z(—1)2q 4
Oulziq) = —— [ 1+ CL

—1)" n2
Iy (=1"q . (2.18)
1+2 J(q;¢?) 1= g%
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Using (2.14), (2.18) becomes

1—2 4z(-1)

i t
1+2 d

Ou(z;q) = m( dqu ‘% q) | . (2.19)

Applying (2.2) with n = g, k=0,q—q¢*>and z = z%ql_d to (2.19) yields

d? d 2 42
Odlz;q) = 12 <1+22( 1)sq Tm((~1)2+2q"T,¢7, )
2 d
+2(-1)22q TUE (zig" % g, 75 ))
By (2.4) and (2.8), (2.11) follows. O

Remark 2.5. If we take d = 1 and zp = 2/ = —1 in (2.10), then use (1.10) combined with (1.18)
and the z; = —1, zp = z case of (2.1), we recover [15, Eq. (3.1)]. If we take d =2 and 2’ = ¢ in
(2.11) and then use (1.9) and (1.16), we obtain [15, Eq. (3.3)].

2.2. Identities with j(z;¢q) and 3-dissections. In order to facilitate an application of Theorem
1.1 in Section 5, we begin with some identities, the first two of which in the next result follow
from (1.7) and (1.18) while the rest appear in [10, Egs. (2.2f), (2.4a), (2.4b), (2.4c) and (2.4f)].

Moreover, we frequently use without mention

@) =2 )= i) =28
q) =7 ilea) =D, ilGe) =77
J2 JoJ2 J2J3J1o
i(—139) =222, j(—¢;¢°) = ==2 and j(—q;¢°) = =2
J(=1q) 7, IR 7 i(=¢q°) TiTe
Proposition 2.6. For generic x,y,z € C*, we have
L o 1., J2
(g )i e ¢%) = 2% j(w 1;q)7?, (2.20)
jewg) =Tl (2.21)
J(=2%q;¢?)j(z;q) J(=x2q;¢%)j (x5 q)’
n—1
j(z;Q):Z( l)qu(k 1)/2Zk](( 1)n+1qn(n—1)/2+nkzzn;qn2)’ (2.22)
k=0
i(q®; ¢°) + xj(q*2%; ¢%) = Jlj.(xz; q), (2.23)
J(x;q)
i(#0)5(y, q) = 3(—2y; ¢*)i(—qx y; %) — xj(—wyq; ) j(—2 " y; ¢2), (2.24)
i) e o, b/ *)j(azy; ¢*) (2.25)
i(=yiq)  j(=z;q) J(=2:9)j(~v;q)

and

. 1
jzasq)  J3i(zq) © i 7" q")
q

J@a) T G (2.26)
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Next, we state results which can be found in [1, Egs. (1.6) and (1.7)] or deduced from (1.7),
(2.22) and (2.23).

Proposition 2.7. If w is a primitive third root of unity and x € C* is generic, then

j(wiq) = (1 —w)Js, (2.27)
i) = (14w 28, (225)
j(~wa; q°) = j;j;ﬁ (2.29)
j(—wg; ¢°) = Jo <m - w2qm>, (2.30)
(-wg ) = <J((qq5’a(i118)) * wqﬂ(i?:qqllz))) (231)
and
j(x:q)j(aw; q)j(zw?; q) = 'Ej(w3;q3)- (2.32)

Before proceeding, recall that given a g-series F'(q) with integral powers, its N-dissection is a
representation of the form

N-1
9) =Y ¢"Fi(d")
k=0

where Fj(q) is a series in ¢ with integral powers. The study of N-dissections ostensibly began
in Ramanujan’s lost notebook [19] and has now become its own extensive literature. As it is not
possible to give a comprehensive overview of this area here, we only mention the classical result
of Atkin and Swinnerton-Dyer on 5 and 7 dissections of the rank of partitions [2] and the recent
impressive work [5]. The final collection of results concerns 3-dissections of certain eta quotients.
The following two identities are [3, Eq. (3.9)] and the a = —¢q, b = —¢°, n = 3 case of [4, Entry
31, page 48], respectively.

Proposition 2.8. We have

Jllg, = Wo(q*) + aWi (@) + ¢*Wa(q?) (2.33)
where
Wo(q) = (ﬁ( 1( j - 8qula) + 16q2w4(61)>,
Wi(q) := E (?’) + 12qu’(q )) Wa(q) == 9}]11%
and ey

JoJ3
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Proposition 2.9. We have

T2 = fol@) + afi(d’) + ¢ fale?) (2.34)
293
where
ST 18 S0, 18 (e 18
folg) =) g = Dy gy = T8,

The following 3-dissections appear to be new. As the proofs are comparable, we only give
details once.

Proposition 2.10. We have

J3Jg
78 = 0(@) +a91(@) +¢°9:(") (2.35)
4
where
S J3 IR T7 J3 T3 I3 iy s Js
_ — = ——— d == .
- : 12 LT3 TPy T T3 Lo
Proof. If we multiply both sides of (2.35) by ¢ — i then the claim is equivalent to
28
(@2 () (%) = n(@)n(a*)n*(¢*)n* (@®)n(a")n* (@ *)n* (@*)n* (4*°)
n*(¢*)n(a®)n(q™)

n(@)n* (@)n" (®)n(@®)n°(¢"*)n* (*H)n° ()
(@) (¢®)n(q®)n(q*2)n(q™)

() (@)n* (d®)n(d*)n' (¢**)n* (®*)n? (¢*°)
n*(q*)n(g®)n(q®)

where 7(q) := ¢*/?*J;. Using [18, Theorems 1.64 and 1.65], we see that both sides of (2.36) are
holomorphic modular forms of level 72 and weight 8. Since the corresponding space of modular
forms has dimension 92 [18, Theorem 1.34], it suffices to check that the first 92 coefficients in the

n (2.36)

-2

g-series expansion of (2.36) agree. This completes the proof of (2.35). O
Proposition 2.11. We have
J3
T = ho(@) +ahi(@*) + ¢*ha(”) (2.37)
where
JiJ? J1J4JgJ24 J3J3J12J24
h = 46 h = d h = TSt
Proposition 2.12. We have
J.
52 =1o(a”) + ali(@*) + ¢ (") (2.38)
4
where 2 713 4 76 373
Iy(q) := I3 Li(q) := 2715 and I(q) := ) e

T8 73
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3. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. We follow the strategy in [15]. Consider the left-hand side of (2.9) and
take 2/ = —1 in (2.10). This yields

M-1
- Z Y a]Sd CMa ]\14 Z Cu 1 — CM (1 —=2m(¢,, 2qu q2d2a—1) + 2A(d, 4%47207_1))
j:l

(ZCMCLJ ZC (a—1)j ) <ZC 2jd’q2d2771>

M-1 ) )
Y o
- Z CM(a )Jm(CM2jqd ’q2d a_1)>

=0

@H

M )
Z G (1= A, Gy 20, D). (3.1)

i

To prove (1.11), we first use (2.7) to observe that the first two sums in the second line of (3.1)
equal 0 if ¢ < M and 1 if a = M. For the third sum, we split it into two further sums. We then
reindex the resulting second sum by j — M + 7, use that {1\_42 = CE, write @ = 2t where t > 0,

2

apply (2.3) and take k=t —1,n=% »=-1,2=¢ ~4* and ¢ — ¢*¥ in (2.2) to obtain
M-1 51
2 2 2 _ 2 2
C aJm ! d ’ 2d 7_1) =2 Z gMa]m(CAJqd ’q2d 7_1)
j=0 §=0
= M=) g T (1) O )

2 M )
g MY (T, -1 2.

For the fourth sum, we similarly split it into two further sums, then reindex the resulting second

sum by j — & —|— j. We then use that CM = —1 to obtain 0. In total, this yields (1.11).
To prove (1 12), we first use (2.7) to note that the first two sums in the second line of (3.1)
equal 0. For the third sum, we first use that if (3s is a primitive M-th root of unity, then so is Cﬁ

as M is odd and then take k = QMQ_“, n=M,z=-1,x= qd2 and ¢ — q2d2 in (2.2) to obtain

M—

H

C a]m —2] d2’q2d2?_1) _ qudz(L”{a)Q(_1)72”127“m(qd2M(a7M)7q2d2M2721)

7=0
2 2
+M‘I’2M M a(q®,—1,25¢*").

For the fourth sum, we take k = %, n=M,z=-1,z= qd2 and g — q2d2 in (2.2) to obtain
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M-1
—92 2 2 _g2(atM—1\2 at+M—1 2 _ 2112
CA; Jqd g% 1) = Mg d?(2HM=L (__1)447;477n(qd (M aAi)’qu M o)
7=0

2 2
+ M¥ehya (0, -1,2" ).

In total, this yields (1.12).
Finally, to prove (1.13), we first use (2.7) to see that the first two sums in the second line of

(3.1) equal 0 unless a = M, in which case the sum is M. For the third sum, we take k = MQ_“,

=M, z=-1,2=q¢ and ¢ — ¢** in (2.2) to obtain

M-1

it an —zde 2d? _1>::Aﬂfdﬁﬁ%ﬂﬁ(_l)ﬂgﬂanﬁaM

2d2 M2 s
g7, q ,2)

7=0
2 2
+ M‘I’A@(qd =1, ¢*).

For the fourth sum, we take k = %, n=M,z=-1,z= qu and ¢ — qu2 in (2.2) to obtain

Z C (a—1)7 C_2J d? q2d2’ _1) _ Mq_d2(2MEa+1)2(_1) 2M—2a+1 m(qd2M(a_M_1)7q2d2M27z”)
2
+ M\Ij%4ga+l (qQa _L Z”; q2d )

In total, this yields (1.13). O

Proof of Theorem 1.2. Consider the left-hand side of (2.9) and take 2’ = —1 in (2.11). This yields

1 M-1 o ; d L g2
Z W 8a(Clra Q) =77 ZCM‘”(1—C@)(—Hzm((—nzﬂc@w,q2,—1)
j=1

=1

j=0 j=0

2 - d d d2

+ 17 CGiPm((-1)2 ¢ ,q T, g7, —1)
7=0

M-t d d d2
= G T m(()EG q4,q2,—1>>

=0

M-1

2 4 _d2 o . d 2j

+ (DT Y - v Gl a T g 1), (3.2)



GENERALIZED RANK DEVIATIONS FOR OVERPARTITIONS 12

To prove (1.14), we first use (2.7) to observe that the first two sums in the second line of (3.2)
equal 0 unless ¢ = 1, in which case we obtain 1. For the third sum, we take k = a, n = M,
diq a2 a2 .
z=—-1,z=(-1)2""¢4 and ¢ — ¢ 2 in (2.2) to obtain
N —ai i dyq 4> d? da _ d%a? 14 dM dZ a2 o a2m?
> GG (-1 T T —1) = M(=1) T g 7 m((—1) T g T M) T
§=0

a2

2
MU (15T, -1, 27,
2 2
For the fourth sum, we take k =a—1,n=M, z= -1,z = (—1)%+1q% and ¢ — q% in (2.2) to
obtain

42

M-1 o . e
S G m((-1) T g, - 1)
j=0

:M(_l)g(a—1)+1q—§(a2_2a+1)m((_1)1+%q§(M2_2M(a—1)) 22 "

7q 7Z
M 4 a2 " a2
+M\Ila—1((_1)2 q4’_172 aqz)
In total, this yields (1.14). O

4. SINGLE GENERALIZED RANK DEVIATIONS
In this section, we briefly discuss why there is no loss in generality in considering pairs of
generalized rank deviations in Theorems 1.1 and 1.2. For M odd, we have
— /M+1 M—-1
D +
2 2

and so Theorem 1.1 can be used to find a formula for any single D4(a, M). Precisely, we prove
the following result.

,M)+Ed(M_1,M):2Ed( ,M>

Proposition 4.1. Let M be odd. For 0 < n < T‘H, we have

— /M+1 1 =[= /M+1 — /M+1
Dd( + +n,M):<Z[Dd( + —n—|—2i,M)+Dd< ; —n+2i—1,M>]

2 2

\)

1=0

n—1
— /M+1 — /M+1
-3 [Dd< 2+ —n+2i—i—1,M) +Dd( ; —n+2z‘,M>D.
i=0
Proof. We begin by letting

n
_ o M+1 M1 .
D,:=) [Dd< > —l—Z,M)—I—Dd( > —Z,M)].

~
Il
o

By (1.15), we have
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and so
— (M +1 Dy, — Dy
Dd< 2+ +n,M) -2t (4.1)
After reindexing, one obtains
n
_ M+1 M+1 .
Dnzzg[pc( > —n+22M) D( > —n+2z—1,M)]. (4.2)
1=
Combining (4.1) and (4.2) yields the result. O

For M even, one can use the following result.

Proposition 4.2. Let M be even, 0 <n < M — 1 and zy, 2’ € C* be generic. For d odd, we have

My
N (_1)n 1 CM —kn kn
D M) = —1: 7
an, M) = =0 m+Mg;1+W (¢ +chr)
x (1= 2m(G %, %, ) + 20(d, By, 20, 2) )
(4.3)
For d even, we have
- (=1)"
D M
d(”? ) M Od( )
2 1— ¢k g 2 2
M —kn kn Ayl 4 4
— 142 -1
d a2 _d 2k
+2(=1)2¢5q TG (G d d,q,Z’;q2)>-
Proof. From (1.3) and (2.7), one deduces
B ] M1
Da(n, M) = 2 > OalGir )G (4.5)
k=1

for all M. For M even, we remove the k = % term from (4.5), split it into two further sums, then
reindex the resulting second sum by £ — M — k. This yields

M_q
7 (_1)71 . 1 S —kn kn k .
DMM—M%%WM;@MWWMM (4.6)
Finally, (4.3) and (4.4) follow from applying (2.8), (2.10) and (2.11) to (4.6). O

5. AN APPLICATION OF THEOREM 1.1

As an application of Theorem 1.1, we compute the 3-dissection of O3((3;q) (cf. [12, Theorem
1.3]). In principle, one can reduce the number of eta quotients appearing in our result. We do
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not pursue this further. Let

Ao (a2 02Ty B ai(—d® ). O (B T D-—M
=J(=q%q°"), =qj(—q¢7;¢7"), =q"j(—a’;q7"), T j(—q30; q108)
| . . ’ (5.1)
PIE (Ciial it WP [ Uit il TR (C ot i}
7(—q"2; 108y’ j(—q'2; q108)’ 3(—q*;¢'%)’
Oy = > ¢ g (6P YWil(g?) (@) (5.2)
k,1,me{0,1,2}
k+l+m=N (mod 3)
and
Hyi= > @ IWie) fuld?) (5:3)

k,1,me{0,1,2}
k+l+m=N (mod 3)

where N = 0, 1 or 2 and the functions W;(q), fi(q), gi(¢) and hi(q) are given in (2.33)—(2.37).
Also, recall the functions I;(¢) in (2.38).

Theorem 5.1. We have

03(C3:9) = Bo(q”) + aB1(¢®) + ¢*Ba(q”) (5.4)
where
Eo(q?)) — 6q736m(q727, q162’ _1)
3 _gJisdarTros e (9(*7; 4" 3(*'; ¢'%%) 3
"2t R Tadsi (j(—q27;q162) j(—q81;q162)) + Bold)
and

J3JoJ
Bn(q®) = 3¢> 8218 N 1 ()

J3J18J36
J2J3 36 [ J3 TR T2 P Z ()W)
J12J128 JgJ9J24J36J54J216 kle {0 . 2}
k+ =N (mod 3)
2
- QQQ%«QAD — AE)Gn+1 — (BD + BE)Gy + (2CE — CD)92+N>
624
J3 18 Joa 035 J216
L5l 36 (YT (o
! J3JoJ12J72 108 Z ¢ hi(q)Wila”)

k,1€{0,1,2}
k+l=N+1 (mod 3)

- gq% ((2AG + AF)Hn42 — (2BF + BG)Hyi1 — (CG — CF)HN)>
12

for N =0, 1 and 2.
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Proof of Theorem 5.1. We begin by decomposing O3((3; q) as follows. By (1.3)—(1.5) and (1.15),

we have
3(C3:9) ZZN3 5,3,1)(3q"

n>0 s=0
= Z (N3(0,3,n) + (3N3(1,3,n) + (GN3(2,3,n)) ¢"

"0 (5.5)
= (N3(0,3,n) — N3(2,3,n)) ¢"

n>0

= D3(3,3) + D3(2,3) — (D3(2,3) + Ds(1,3))

where we have used that N3(1,3,n) = N3(2,3,n) and 1 + (3 + (3 = 0. We now take d = 3,
a=M=3,2=2"=2=—-1in(lli)andd=3,a=2, M =3, 72 =2" =2 = —11in (ii) of
Theorem 1.1, respectively, and simplify using (2.3), (2.5) and the fact that

U(q”,—1,-1;¢"*) =0
to obtain from (5.5)
O3(C339) = 6~ °m(q™", ¢"%, —1) — 2(3A(3, (3, —1, —1) — 2¢FA(3, 3, -1, 1)

5.6
+4T3(¢%, —1,-1;¢"%) — 2T5(¢”, -1, - 1;¢"). (56)
By (1.10), (1.17), (1.18) and (2.20), we have
—2GA(3, G 1, 1) = =207 ¢PWHG PP -1, - 15.42)
20507 & - GG 126G P )
3¢j(=1,¢%) =7 j(?/qq ) (G2 )J( (s - 2343: q?)
_ (3o s T ( 764" ¢") i 7(Cq*5q ))
203725 (—C3¢% ¢'®) (—C3q15;q18) J(—¢3¢%1; ¢'®)
<3J24 2 <'.t—i-l/?) )
3‘]4 =0 J( tH/S g; )7 (=23 ¢2)
(5.7)
Similarly,
2J J J4 - q15;q18 - q21;q18
—203A(3,¢3,—1,-1) = 2 53.2 6212. 18 (](Cg 15. 12 + ‘J(C:% 21 )>
2J5 J3567 (—ng q ) \J(=C3q%%:¢"%)  j(—Caq )

Z ] 3 aq)
3J4 — i t+2/3 q)j(—C2t+4/3¢; g2)

after applying (1.17), (1.18) and (2.21). Using (1.17), (1.18) the x = (2¢" and y = (3¢'° case of
(2.25), (2.28) and (2.32), one confirms

3(Gq' % ¢*®) 3G )

J2J2J2 J2
G q®) (=G a®) —2gPC2(1 — (3)TEr0u3675e

. 5.9
J3J% Joz (5.9)
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Hence, taking the sum of the first terms on the right-hand sides of (5.7) and (5.8), respectively,
combined with (2.29) and (5.9) yields after simplification

) J2Jo Ty ( 7(Ga:q™) | J(Ga*a) ) _ 548 T2 JoTr0s.

203355 (—C34% 4"®) \J(—C3a":¢"®)  j(—C3q*5q™®) J3J3 J18T36
It now remains to consider the sum of the second terms on the right-hand sides of (5.7) and (5.8),
respectively. This is

(5.10)

C1t+1/3 9)

(G = G3) ZZ t :
+1 3 . 2t+2/3
Ji =5 4( /q,q)J(— 230 42)

We now apply (1.18) to the summand of (5.11), then take z = C§+1/3, z=—1and n =3 in (2.26)
to obtain

(5.11)

2 C§t+1 /3)k

6 73 .
G- Rt Z]( Gat q) 3

BILIEi(Goi ¢?) = (a5 aP) = (2T P g g2)

(5.12)

By (2.32), \ )
23 , o 14/3 J5J3J19.]

i a6 5GP ) = N
6936

and so using (2.27) and (5.13) turns (5. 12) into

(5.13)

2J3J3J6J36 J CSQ q (t+1/3)k . 2(t+4/3) o - 2t+7/3) 2
a ; - $q°). 5.14
C33J{1J3J12 T = i(—dF ) ZC J(=Cs aq7)3(—¢3 49°) (5.14)
Note that

. 2t+8/3 . 2t+5/3
J=G" )i~ g )

t=0

J2J8J12 A(t+1/3) & 2t+2/3 J4J24 4(t+1/3) 4 gt

by (2.24), (2.27) and (2.29) and so (5.14) equals

B 2J35 J3.J§ J36 J2J8J12 Z j( C3q q Z C(t+1/3 4(t+1/3)q2, )
T3 T2 T2, J4J6J24 2 ’
(5.15)

qJ4 Jo4 Z C§k+5 /3.7 C3q q ZZ:C (k+2)t (t+4/3)q4; q4) _
JsJ12 e

We now simplify the first line in (5 15). By (1 7) and ( 7),

ZC;H/& 3 4(t+1/3) 2 Z q2n Z C(t+1/3 ) (4n+k)

nel
=3 Z q2n Cg4n+k)/
n =2k (mod 3) (516)
-3 Z q365(s—l)/2+(24k+18)s+8k2 C§

SEZ
2,
=3¢ j(—C3®* 1%, ¢%).
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First, applying (2.29) to (5.16), the k£ = 0 term in the first line of (5.15) equals

_ 3J§J128J72‘]1208 ) (5.17)
2J3J9 J36J54 216

Next, applying (2.31) to (5.16) and the z = —(3¢q, ¢ — ¢* and n = 3 case of (2.22) and simplifying,
the k =1 term in the first line of (5.15) equals

32h%h%

T2 (AD - BE-CD+CE+ G(AE+ BD — BE—CD)) (5.18)
2

where A, B, C, D and E are given in (5.1). Finally, applying (1.17), (1.18) and (2.31) to (5.16)
and simplifying, the k = 2 term in the first line of (5.15) equals
3 2 J1J6J108

T2 (AD — AE — BD + CE + (3(—=AE — BD + BE — CD)). (5.19)
2

Combining (5.17)—(5.19) and simplifying, the first line of (5.15) equals

 J3I3JeJs 12 )36 (_ T3 % Jra TP L ag2 1o 08

2AD—AE—-BD-BE—-CD+2CE > 5.20
JET3 JEg J24 JgJ9J36J54J216 JoJ3 ( ) (520

We now simplify the second line in (5.15). Similar to (5.16), we find
2

(k+2 4/3 5k—5)/3 2k2— : - 36
Z + )t t+ / gt = 3C§ )/ 2R Ok (g qB6— 12k, 436) (5.21)
t=0

Applying (2.28) to (5.21), the k = 0 term in the second line of (5.15) equals

1 31835 216

. 5.22
2J3 JgJ72 108 (5.22)

Next, applying (1.18) and (2.30) to (5.21) and (again) the z = —(3¢, ¢ — ¢° and n = 3 case of
(2.22) and simplifying, the £ = 1 term in the second line of (5.15) becomes
J1JsJ108

37(—% — AG + BF + CG + 3(-AF — BG + CF + CG)) (5.23)
293

where F' and G are given in (5.1). Finally, one can similarly show that the £ = 2 term in the
second line of (5.15) is

J1JeJ108

3
JoJ2

(=AG + BF + BG — CF + 3(AF + BG — CF - CG)). (5.24)

Combining (5.22)—(5.24) and simplifying, the second line of (5.15) equals

J3J3J6J24J36( 4J§’J18J§6J216+ J1JgJ108

2AG+2BF + BG— AF —CF+CG) ). (5.25
T2 72550502\ T3 00 Jr2 J108 T2 (-24G+2BF + * )> (5.25)
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As (5.15) is the sum of (5.20) and (5.25), we obtain
J3J2J2 I <J2J8J122< ST Ta R 2T s J0s

(2AD — AE — BD — BE — CD + QC’E))

JEI2T12J3 \ JadeJoa \ I3 JoJ36T54 0216 4 JoJ3
J3 24 ( 13 T1835J216 J1J6J10s >
+ + 2 —2AG +2BF + BG - AF —CF +CG )
Cisdis\T T dodradios 2 TE )
(5.26)

Note that (5.26) can be rearranged as

I3 TG Ts6 (I3 Ty Tis oty J3 s 1

JioJ3 \ J§JoJaaJs6 540016 J1 T3 T3

2 4
1
92?2\ up  ap - BD - BE-cDy2cE) 2 L

q5J§’J18J24J§6J216 Jg i
JeJo T2 Jr2 108 J1Js T}

Jos] J3 1 I
+2¢722 % (224G + 2BF + BG — AF — CF + CG) 2~ 16).

J12 JiJg J3 JpJ2
Moreover, one can check
403(¢”, -1, -1;¢"%) = 299(¢°, ~ 1, ~1;¢"%)

3 9J18J27J108J1562< i(¢:a™™) @) )
2 B Tsads Jy \i(—Td®) T j(—"54®) )

(5.28)

We now insert (2.33)—(2.37) into (5.27) and (2.38) into (5.10) and combine with (5.28). After

substituting the resulting expressions into (5.6) and recalling (5.2) and (5.3), we arrive at (5.4).

This proves the result. O
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